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PART  II 

EXTREME  VALUES  IN  CONTINUOUS  TIME 

In  this  part  of  the  work  we  shall  explore  extremal  and  related  theory 
for  continuous  parameter  stationary  processes.  As  we  shall  see  (in 
Chapter  13)  it  is  possible  to  obtain  a  satisfying  general  theory  ex¬ 
tending  that  for  the  sequence  case,  described  in  Chapter  2  of  Part  I, 
and  based  on  dependence  conditions  closely  related  to  those  used  there 
for  sequences.  In  particular,  a  general  form  of  Gnedenko’s  Theorem 
will  be  obtained  for  the  maximum 

M (T)  =  sup{£ (t) ;  0  <  t  <  T} 

where  £(t)  is  a  stationary  stochastic  process  satisfying  appropriate 
regularity  and  dependence  conditions. 

Before  presenting  this  general  theory,  however,  we  shall  give  a  de¬ 
tailed  development  for  the  case  of  stationary  normal  processes,  for 
which  very  many  explicit  extremal  and  related  results  are  known.  For 
mean-square  differentiable  normal  processes,  it  is  illuminating  and 
profitable  to  approach  extremal  theory  through  a  consideration  of  the 
properties  of  uporossings  of  a  high  level  (which  are  analogous  to  the 
exceedances  used  in  the  discrete  case) .  The  basic  framework  and  re¬ 
sulting  extremal  results  are  described  in  Chapters  6  and  7  respectively. 

As  a  result  of  this  limit  theory  it  is  possible  to  show  that  the 
point  process  of  upcrossings  of  a  level  takes  on  an  increasingly  Poisson 
character  as  the  level  becomes  higher.  This  and  related  properties  are 
discussed  in  Chapter  8,  and  are  analogous  to  the  corresponding  results 
for  exceedances  by  stationary  normal  sequences,  given  in  Chapter  4. 

The  location  of  the  maximum  (primarily  under  normality)  is  con¬ 
sidered  in  Chapter  9,  along  with  a  derivation  of  asymptotic  Poisson 
properties  for  the  point  process  in  the  plane  given  by  the  locations 
and  heights  of  all  local  maxima.  The  latter  results  provice  asymptotic 
joint  distributions  for  the  locations  and  heights  of  any  given  number 
of  the  largest  local  maxima. 
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The  local  behavior  of  a  stationary  normal  process  near  a  high 
level  upcrossing  is  discussed  in  Chapter  10,  using,  in  particular, 
a  simple  process  (the  "Slepian  model  process")  to  describe  the  sample 
paths  at  such  an  upcrossing.  As  an  interesting  corollary  it  is  possible 
to  obtain  the  limiting  distribution  for  the  lengths  of  excursions  by 
stationary  normal  processes  above  a  high  level,  under  appropriate  con¬ 
ditions. 

In  Chapter  1 1  we  consider  the  joint  asymptotic  behavior  of  the 
maximum  and  minimum  of  a  stationary  normal  process,  and  of  maxima  of 
two  or  more  dependent  processes.  In  particular  it  is  shown  that  - 
short  of  perfect  correlation  between  the  processes  -  such  maxima  are 
asymptotically  independent. 

While  the  mean  square  differentiable  stationary  normal  processes 
form  a  substantial  class,  there  are  important  stationary  normal  pro¬ 
cesses  (such  as  the  Ornstein-Uhlenbeck  process)  which  do  not  possess 
this  property.  Many  of  these  have  covariance  functions  of  the  form 
r(t)  =  1  -  C  |  t  | a  +  o  |  t  | 01  as  t  -*■  0  for  some  a,  0  <  a  <  2  (the  case 
a  *  2  corresponds  to  the  mean-square  differentiable  processes).  The 
extremal  theory  for  these  processes  is  developed  in  Chapter  12,  using 
more  sophisticated  methods  than  those  of  Chapter  7 ,  for  which  simple 
considerations  involving  upcrossings  sufficed. 

Finally,  Chapter  13  contains  the  promised  general  extremal  theory 
(including  Gnedenko's  Theorem)  for  stationary  continuous-time  pro¬ 
cesses  which  are  not  necessarily  normal.  This  theory  essentially  re¬ 
lies  on  the  discrete  parameter  results  of  Part  I,  by  means  of  the 
simple  device  of  expressing  the  maximum  of  a  continuous  parameter  pro¬ 
cess  in  say  time  T  =  n,  an  integer,  as  the  maximum  of  n  "submaxima", 
over  fixed  intervals,  viz. 

M (n)  =  max(c1 ,  C2,  . . . ,  Cn) 

where  *  sup{£(t);  i-i  <  t  <  i}.  It  should  be  noted  (as  shown  in 
Chapter  13)  that  the  results  for  stationary  normal  processes  given  in 
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Chapters  7  and  12  can  be  obtained  from  those  in  Chapter  13  by  special¬ 
ization.  However,  since  most  of  the  effort  required  in  Chapters  7  and 
1 2  is  still  needed  to  verify  the  general  conditions  of  Chapter  13,  and 
the  normal  case  is  particularly  important,  we  have  felt  it  desirable 
and  helpful  to  first  treat  normal  cases  separately. 
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CHAPTER  6 

BASIC  PROPERTIES  OF  EXTREMES  AND  LEVEL  CROSSINGS 


We  turn  our  attention  now  to  continuous  parameter  stationary  processes. 

We  shall  be  especially  concerned  with  stationary  normal  processes  in 
this  and  most  of  the  subsequent  chapters  but  begin  with  a  discussion  of 
sane  basic  properties  which  are  relevant  whether  or  not  the  process  is 
normal,  and  which  will  be  useful  in  the  discussion  of  extremal  behaviour 
in  later  chapters . 

We  shall  consider  a  stationary  process  (£(t);  t  > 0}  having  a  con¬ 
tinuous  ("time")  parameter  t>0.  Stationarity  is  to  be  taken  in  the 
strict  sense,  i.e.  to  mean  that  any  group  Stt^),  ....  ?(tn)  has  the 
same  distribution  as  £(t^  +  x),  ....  5{tn  +  t)  for  all  x.  Equivalently 
this  means  that  the  finite  dimensional  distributions  F  .  (x.,  ...,x  )  = 

ti  t  •  *  •  r  t  1 

x  n 

PU(t.)  <x1,...,5(t  )  <  x  }  are  such  that  F.  .  .  *  F. 

l  i  n  -  n  t,  +t  /  •  .  •  , 1  +t  t,  , .  ,  . ,  t 

i  n  l  .  n 

for  all  choices  of  x,  n,  and  t, ,  t,,  ...,  t  . 

i  £  n 

It  will  be  assumed  throughout  without  comment  that  for  each  t,  the 
d.f.  Ffc(x)  of  £(t)  is  continuous.  It  will  further  be  assumed  that, 
with  probability  one,  £(t)  has  continuous  sample  functions  —  that  is  the 
functions  {£(t)>  are  a.s.  continuous  as  functions  of  t>0. 

Finally  we  shall  assume  that  the  basic  underlying  probability  measure 
space  has  been  completed ,  if  not  already  complete.  This  means  in  partic¬ 
ular  that  probability-one  limits  of  r.v.'s  will  themselves  be  r.v.'s  — 
a  fact  which  will  be  useful  below. 

A  principal  aim  in  later  chapters  will  be  to  discuss  the  behaviour 
of  the  maximum 


M(T)  «  supU(t)  }  0  <  t  <  T) 

(which  is  well  defined  and  attained,  since  £  is  continuous)  especially 
when  T  becomes  large.  It  is  often  convenient  to  approximate  the  process 
Ut)  by  a  sequence  Un(t)}  of  processes  taking  the  value  £(t)  at 
all  points  of  the  form  jqR,  j  -  0,  1,  2 . and  being  linear  between 
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such  points,  where  qn  +  0  as  n  -*  «°.  In  particular  this  is  useful  in 
showing  that  M(T)  is  a  r.v.,  as  the  following  small  result  demonstrates. 

LEMMA  6 . 1  With  the  above  notation,  suppose  that  qn  +  0  and  write 
Mn(T)  »  max{§(jqn)j  0<  jqn<T>.  Then  Mr(T)  -*•  M(T)  a.s.  as  n  -*■  ”,  and 
M(T)  is  a  r.v. 

PROOF  M  (T)  is  the  maximum  of  a  finite  number  of  r.v.'s  and  hence  is 
— -  n 

a  r.v.  for  each  n.  It  is  clear  from  a.s.  continuity  of  £( t)  that 
Mn(T)  -»  M (T)  a.s.  and  hence  by  completeness  M(T)  is  a  r.v.  o 

We  shall  also  use  the  notation  M{I)  to  denote  the  supremum  of  £(t) 
in  any  given  interval  I  -  of  course  it  may  be  similarly  shown  that  M(I) 
is  a  r.v. 


Level  crossings  and  their  basic  properties 


In  the  discussion  of  maxima  of  sequences  in  Part  I,  exceedances  of  a 
level  played  an  important  role.  In  the  continuous  case  a  corresponding 
role  is  played  by  the  upcroeainga  of  a  level  for  which  analogous  results 
(such  as  Poisson  limits)  may  be  obtained.  To  discuss  upcrossings,  it 
will  be  convenient  to  introduce  —  for  any  real  u  —  a  class  Gu  of  all 
functions  f  which  are  continuous  on  the  positive  real  line,  and  not 
identically  equal  to  u  in  any  subinterval .  It  is  easy  to  see  that  the 
sample  paths  of  our  stationary  process  £(t)  are,  with  probability  one, 
members  of  Gu<  In  fact,  every  interval  contains  at  least  one  rational 
point,  and  hence 


PU(0*Gu)  <  ^  P(C(t.)  *  u). 


where  {t^}  is  an  enumeration  of  the  rational  points 
a  continuous  distribution  by  assumption,  P{£(tj)  =u) 


Since  C ( t j )  has 
is  zero  for  every 


j. 


We  shall  say  that  the  function  f £ Gy  has  a  strict  upcrosaina  of  u 
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at  the  point  tQ  >  0  if  for  some  t  >  0,  f(t)  <  u  in  the  interval 

(tQ-e,  t.Q )  and  f(t)  >  u  in  ( t  q  ,  tg  +  z)  .  The  continuity  of  f  re¬ 

quires,  of  course,  that  f(tQ)  =  u,  and  the  definition  of  Gu  that 
f(t)  <u  at  some  points  t  £  <tg  -n,  t ^ )  and  f(t)  >  u  at  some 

points  t  €  (tQ,  tg  +n)  for  each  n  >  0. 

It  will  be  convenient  to  enlarge  this  notion  slightly  to  include 
also  some  points  as  upcrossings  where  the  behaviour  of  f  is  less  regu¬ 
lar.  As  we  shall  see,  these  further  points  will  not  appear  in  practice 
for  the  processes  considered  in  the  next  two  chapters,  but  are  useful  in 
our  calculations  and  will  often  actually  occur  for  the  less  regular 
processes  of  Chapter  12.  Specifically  we  shall  say  that  the  function 
f £ Gu  has  an  upcrossing  at  tQ  > 0  if  for  some  e>0  and  all  n>0, 
f(t)  <u  for  all  t  in  (tQ  -  e,  tQ)  and  f  ( t )  >u  for  some  t  (and 
hence  infinitely  many  t)  in  (tQ,  tQ +  n) .  An  example  of  a  non-strict 
upcrossing  of  zero  at  tQ  is  provided  by  the  function  f(t)  =  t  -  tQ  for 
t  <  tg  and  f(t)  =  (t  -  tg)  sin ( (t  -  tg)  *)  for  t  >  tQ. 

The  following  result  contains  basic  simple  facts  which  we  shall  need 
in  counting  upcrossings. 

LEMMA  6.2  Let  f  €  Gy  for  some  fixed  u.  Then, 

(i)  if  for  fixed  t^,  t2,  0  <  t^  <  t2 ,  we  have  f ( t^ )  < u  <  f (t2) ,  then  f 
has  an  upcrossing  (not  necessarily  strict)  of  u  somewhere  in 

( t^ /  t2) , 

(ii)  if  f  has  an  upcrossing  of  u  at  tg  which  is  not  strict,  it  has 
infinitely  many  upcrossings  of  u  in  (tg,  tg  +  e)  ,  for  any  z  >0. 

PROOF  (i)  If  f (tj)  <  u < f (t2)  with  t1  <  t2  write 
tg  =  sup{ t  >  t^;  f(s)  <  u  for  all  t^<s<t). 

Clearly  tj^  <  tQ  <  t2  and  tQ  is  an  upcrossing  point  of  u  by  f . 

(ii)  If  tg  is  an  upcrossing  point  of  u  by  f  and  z  >  0,  there  is 
certainly  a  point  t2  in  the  interval  (tg,  tg  +  n)  with  f(t2)  >u.  If 
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t q  is  not  a  strict  upcroasing  there  must  be  a  point  t,  in  (tQ,  t2) 
such  that  f(t^)  <  u.  By  (i)  there  is  an  upcrossing  between  t^  and 
t2>  so  that  (ii)  follows,  since  •:  >0  is  arbitrary.  a 

Dovncrosaing 3  (strict  or  otherwise)  may  be  defined  by  making  the  ob¬ 
vious  changes,  and  crossings  as  points  which  are  either  up-  or  downcross- 
ings.  Clearly  at  any  crossing  tQ  of  u  we  have  f(tQ)  =  u.  On  the 
other  hand  there  may  be  "u-values"  (i.e.  points  tQ  where  f(tQ)  = u) 
which  are  not  crossings  -  such  as  points  where  f  is  tangential  to  u 
or  points  tg  such  that  f(t)  -u  is  both  positive  and  negative  in 
every  right  and  left  neighbourhood  of  t^  -  as  for  the  function 
u  +  (t  -  tQ) sin( (t  -  tQ) -1) . 

The  above  discussion  applies  to  each  sample  function  of  our  process 
5(t)  satisfying  the  general  conditions  stated  since,  as  noted,  the  sam¬ 
ple  functions  belong  to  Gu  with  probability  one.  Write,  now,  Nu(I) 
to  denote  the  number  of  upcrossings  of  the  level  u  by  f  (t)  in  a 
bounded  interval  X,  and  Nu<t)  =  Nu<(0,t]).  We  shall  also  sometimes 
write  N ( t )  for  Nu(t)  when  no  confusion  can  arise. 

In  a  similar  way  to  that  used  for  maxima,  it  is  convenient  to  use  the 

"piecewise  linear"  approximating  processes  rr  (t) }  to  show  that  N  (X) 

n  u 

is  a  r.v.  and,  indeed,  in  subsequent  calculations,  as  for  example  in  obtain¬ 
ing  E(N  (X)).  This  will  be  seen  in  the  following  lemma,  where  it  will 
be  convenient  to  introduce  the  notation 

(6.1)  J  (u)  =  P { C ( 0)  <  u  <  r(q)  }/q ,  q  >  o. 

LEMMA  6 . 3  Let  I  be  a  fixed,  bounded  interval.  With  the  above  general 
assumptions  concerning  the  stationary  process  let  ( }  be  any  se¬ 
quence  such  that  q  1  0  and  let  N  denote  the  number  of  points  jq  , 

j  =  1,  2,  ...  such  that  both  (j-l)q  and  jqn  belong  to  I,  and 

S(  (  j  -  l)qn)  <u'Ujqn).  Then 


(  i)  Nn  i  NU(I)  ■ 

(ii)  N  *  N  ( I )  a  .  s  .  as  n  *  ■  and  hence  Nu  < 1  > 
'  i'w  n  u 

infinite  valued)  r.v., 


is  a  (possibly 


(  iii)  £(Nr)  -  E(NU(I) )  and  hence  E(Nu<l)) 


lim  J  (u)  . 
q  *  0  q 


PROOF  (i)  If  for  some  j,  £ ( ( j  -  1) qR)  <  u <  £ ( jqn)  it  follows  from 
Lemma  6.2  (i),  mat  £  has  an  upcrossing  between  (j  -l)q^  and  jqR 
so  that  (i)  follows  at  once. 

(ii)  Since  the  distribution  of  £(jqR)  is  continuous  and  the  set 
{kqnf  k  =  0,  1,  2,  ...,;  n=l,  2,  ...}  is  countable,  we  see  that 
p  { £  (kqR)  =  u  for  any  k  =  0,  1,  2,  ...,;  n  =  1 ,  2,  ...}=0,  and  hence  we 
may  assume  that  £(kqR)  +u  for  any  k  and  n.  We  may  likewise  assume 
that  £  does  not  take  the  value  u  at  either  endpoint  of  I  and  hence 
that  no  upcrossings  occur  at  the  endpoints.  Now,  if  for  an  integer  m, 
we  have  ( I )  >m,  we  may  choose  m  distinct  upcrossings  t ^ ,  .  .  .  ,  tffl  of 

u  by  £(t)  in  the  interior  of  I  which  may,  by  choice  of  e  > 0 ,  be 
surrounded  by  disjoint  subintervals  (t^-e,  t^  +  e),  i  =  l,  2,  ....  m,  of 
I,  such  that  £  ( t)  <  u  in  (tj.-e,  t^  and  £(x)  >u  for  some 

tf  (tif  t  ±  +  e ) .  By  continuity,  x  is  contained  in  an  interval  -  which 

may  be  taken  as  a  subinterval  of  X  —  in  which  £(t)  >u.  For  all  suffi¬ 
ciently  large  n  this  interval  must  contain  a  point  kqR . 

Thus  there  are  points  fq  €  (t.  -?,  t . ) ,  kq  6  (t. ,  t.  +  e)  such  that 

H  X  1  nix 

.q  )  <  u  <  £ (kq  ) .  For  some  j  with  i  <  j  <  k  we  must  thus  have 
n  n 

£  (( j  "  1)  qn)  <  u  <  £  (jqn)  .  Since  eventually  each  interval  (ti-e,  t±  +  e) 
contains  such  a  point  jqR  we  conclude  that  Nr  > m  when  n  is  suffi¬ 
ciently  large,  from  which  it  follows  at  once  that  lim  inf  N  >N  (I) 

n-*» 

(finite  or  not).  Since  by  (i),  lim  sup  N  <  N  (I)  we  see  that  lim  N  = 

n-*»  n  u  n-*-» 

Nu ( X )  as  required.  Finally  it  is  easily  seen  that  Nr  is  a  r.v.  for 
each  n  (Nr  is  a  finite  sum  of  r.v.’s  =  1  if  £((k-l)qR)  <  u  <  £(kqR)  , 
and  zero  otherwise)  so  that,  by  completeness,  its  a.s.  limit  Nu(I)  is 
also  a  r.v.,  though  possibly  taking  infinite  values. 
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(iii)  Since  :i  ->■  N  (I)  a.s.,  Fatou's  T.cmraa  shows  that  liminfE(Nn)  ' 

n  u  n-*20 

E(N  (I)).  If  E(N  (I)'  -•*  this  shows  at  once  that  E(N‘n)  ~E(NU(I)).  But 
the  sar.-~  result  holds,  by  dominated  convergence,  if  EC'U(I>)  ""  T  <  since 
Nn  <  Nu  (I)  and  Nn  +  Nu(I)  a.s. 

Finally,  if  I  =  (0,1),  then  I  contains  vn  ~  qn1  points  jqn  so 
that,  using  stationarity , 

E(Nn)  =  (vn-l)  P{f,(0)  <  u<  ?(qn)  ~  Jg  (u). 

Hence  J  (u)  -*  E(N  (1))  from  which  the  final  conclusion  of  (i?i;  fol- 
qn  u 

lows  since  the  sequence  {q  f  is  arbitrary.  c 

COROLLARY  6.4  If  E  (N  (I))  <  ,  or  equivalently  if  lim  inf  J  (u)  <■  * 

u  n  qn 

for  some  sequence  q  .  0,  then  the  upcrossings  of  u  are  a.s.  strict. 

PROOF  If  E(N  (I>)  -  -  then  N'u(I)  ""  ”r  a-s.  and  the  assertion  follows 
from  (ii)  of  Lemma  6.2.  a 

In  passing,  we  shall  derive  two  small  results  concerning  the  maximum 
M (T)  and  the  nature  of  solutions  to  the  equation  t ( t)  =  u,  which  rely 
only  on  the  assumption  that  E(Nu(l>)  is  a  continuous  function  of  u. 

THEOREM  6 . 5  Suppose  that  E(Nu(l))  is  continuous  at  the  point  u  and, 
as  usual  that  P(^(t)  = u)  =  0  so  that  £(•)  £ Gu  with  probability  one. 
Then 

(i)  if  t£  (0,1)  and  £(t)  =  u,  then  with  probability  one  t  is  either 
an  upcrossing  or  a  downcrossing  point, 

(ii) the  distribution  of  M(l)  is  continuous  at  u,  i.e.  P{M(1)  =  u>  =0. 

PROOF  (i)  If  t(t)  =  u,  but  t  is  neither  an  upcrossing  nor  a  down¬ 
crossing  point  it  is  either  a  tangency  from  below  or  above,  i.e.  for 
some  e>0,  ^(t)  <  u  (>  u)  for  all  t  £  (t0~e,  t^  +  e)  or  else  there 

are  infinitely  many  upcrossings  in  (t0-e,  tQ),  (and  this  is  precluded 
by  the  finiteness  of  E(N  (1))).  Further  for  each  fixed  u  the  proba¬ 
bility  of  tangencies  of  u  from  below  is  zero.  To  see  this,  let  By 


-  /- 


be  the  number  of  such  tangencies  of  the  level  u  in  (0,1) ,  and  suppose 
N  +B  >m,  so  that  there  are  at  least  m  points  t.  ,  .  ..,  t  which  are 
either  u-upcrossings  or  tanqencies  from  below.  Since  r ( • )  £ Gu  with 
probability  one,  there  is  at  least  one  upcrossing  of  the  level  u  -  1/n 
just  to  the  left  of  any  tj,  for  all  sufficiently  large  n.  This  implies 

N  +  B  <  lim  inf  N  .  ,  , 
u  u  -  u-l/n 

and  applying  Fatou's  Lemma, 

E(N  (1) )  +  E(B  (1) )  <  lim  inf  E (Nu_1/n ( 1 ) >  =  E (Nu (1) ) 

n-*®>  ' 

if  E (N  ( 1 ) )  is  continuous.  Since  Bu>0,  we  conclude  that  Bu  =  0  (with 
probability  one).  A  similar  argument  excludes  tangencies  from  above,  and 
we  have  proved  that  all  u-values  are  either  up-  or  downcrossings . 

(ii)  Since 

Pr  M  ( 1)  =  u}  <Pff(0)  =u}+PU(l)  =  u}  +P{Bu>l) 
the  result  follows  as  in  th  -  proof  of  part  (i)  from  PfBu  =  0}  =  1.  a 


Crossings  by  normal  processes 

Up  to  this  point  we  have  been  considering  a  quite  general  stationary 
process  {£(t);  t>0).  We  specialize  now  to  the  case  of  a  (stationary) 
normal  or  Gaussian  process,  by  which  we  mean  that  the  joint  distribution 
of  r(t^),  ...,  £ (t  )  is  multivariate  normal  for  each  choice  of  n  =  1, 
2,  ...  and  t^,  ...,  t^.  It  will  be  assumed  without  comment  that 

f;(t)  has  been  standardized  to  have  zero  mean  and  unit  variance.  The 
covariance  function  r(t)  will  then  be  equal  to  E  (f;  (t)  £  (t  +  t)  )  . 

Obviously  r (t)  is  an  even  function  of  t,  with  r(0)  =E(£2(t))  =1. 
Thus  if  r  is  differentiable  at  t  =  0,  its  derivative  must  be  zero 
there.  It  is  of  particular  interest  to  us  whether  r  has  two  derivatives 
t  =  0.  If  r"(0)  does  exist  (finite),  it  must  be  negative  and  we 
write  A2  =  -r"(0).  The  quantity  is  the  second  spectral  moment,  so 

called  since  we  have  \2  =  /A2dFU),  where  F ( A )  is  the  spectral  d.f., 
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i.e. 

,  .  ,  iXt 

r (t)  =  /  e 

dF  ( X )  . 

If  r  is 

not 

twice 

differentiable  at  zero 

then 

/  X2dF(X) 

,  i.e. 

>2  = 

When 

X2  < 

“  we  have  the  expansion 

(6.2) 

r  (i )  =  1  - 

A2t2/2 

+  O ( T2) 

as  t 

-  0. 

Furthermore,  it  may 

be  shown  that 

X2  = 

-r" (0) 

<  ••=  if  and  only  if  %(t) 

is  differentiable  in  quadratic  mean,  i.e.  if  and  only  if  there  is  a  pro¬ 
cess  {  V  (t)  }  such  that  h-i  (£  (t  +  h)  -  Z,  (t)  )  -  C ' (t)  in  quadratic  mean 
as  h  •*  0 ,  and  that  then 

E(C'  (t))  =  0,  VarK ' (t)  )  =  -r"<0) , 

Z(t),  £'(t)  being  jointly  normal  and  independent  for  each  I.  Further¬ 
more 

CovU'  (t)  ,  5  '  ( t  +  t)  )  =  -r"  (t)  . 

For  future  se  we  introduce  also 

oo  a> 

XQ  =  /  d  F  ( A  )  =  r  ( 0 )  =1  and  X4  =  /  X4  dF(X), 

—  OO  —oo 

( 4) 

where  also  X4  =  r  (0),  when  finite.  An  account  of  these  and  related 
properties  may  be  found  in  Cramer  and  Leadbetter  (1967),  Chapter  9. 

To  apply  the  general  results  concerning  upcrossings  to  the  normal 
case  we  require  that  5 ( t)  should  have  a.s.  continuous  sample  paths. 

It  is  known  (cf.  Cramer  and  Leadbetter  (1967)),  that  if 

(6.3)  1  -  r  (  t)  <  C/  |  log  1 1 1|  a  for  some  C  >  0  ,  a  >  1 ,  for  j  t  j  <  1 , 

it  is  possible  to  define  the  process  £<t)  as  a  continuous  process. 

This  is  a  very  weak  condition  which  will  always  hold  under  assumptions 
to  be  used  here  and  subsequently  -  for  example  it  is  certainly  guaranteed 
if  r  is  differentiable  at  the  origin,  or  even  if  l-r(r)  <  C  |  r  | a  for 
some  a  >  0 ,  C  >  0 . 

In  the  remainder  of  this  and  in  the  next  chapters  we  shall  consider  a 
stationary  normal  process  S(t),  standardized  as  above,  and  such  that 
Xj  <®.  To  evaluate  the  mean  number  of  upcrossings  of  u  per  unit  time 
we  need  to  evaluate  the  limit  of  ( u)  defined  by  (6.1)  as  q^O. 
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This  is  obtained  in  the  following  lemma  which  is  a  more  general  result 
than  we  need  at  present,  but  which  will  be  useful  later  also. 

Let  0  and  0  denote  the  standard  normal  density  and  distribution 

functions . 


LEMMA  6.6  Let  (5(t)}  be  a  (standardized)  stationarv  normal  process 

/XT  _  2. 

with  X-  <  «  and  write  u  (=  u(u))  =  —  e  U  '  .  Let  q  +  0  and  u 

2  2TT  ^ 

either  be  fixed  or  tend  to  infinity  as  q  +  0  in  such  a  way  that  uq  -*•  0 . 
Then 


J  (u)  =  q_1P(5 (0)  <  u  <  5  (q)  }  ~  y  as  q  +  0. 

PROOF  By  rewriting  the  event  { E,  (0)  <  u  <  £  (q)  }  as  {  |  £  (0)  +  £  (q)  -  2u  | 
<  5(q)  -  5(0)  },  i.e.  as  {  |  ^  -  u|  <2  ^ }  where  =  (£  (0)  +  C(q)/2, 

=  (5(q)  _  5 (0) ) /q,  are  uncorrelated,  and  hence  independent,  with 

2  2  2 
respective  variances  =  (l+r(q))/2,  a 2  =  2(l-r(q))/q  ,  we  obtain 


U  Jg(u) 


=  ( 


uq<J2)-1  ^(o^)  P(|;1-u|  <^}dy 


(^7)  ♦(# 


dx  dy 


(6.4) 


00  u+qy/2 

=  (uq ai°2)  !  /  < 

y=0  x=u-qy/2 

=  ~  JL-e" y2/2ol  f_^2 -  }  Jutqxy/2\  dx|  dy , 

y=0  a2  x=-l  v  °1  >  ‘ 


Now,  by  simple  calculation,  the  second  factor  in  the  integrand  may  be 
written  as 


Ap.  ) 

2al/T2  x=_1  1  201  2ol  8ol 


dx , 


2  2  2 

which  by  bounded  convergence  (o^  +  l,  l-a1  =  >2q  /4  +  o(q  ),  a2 

tends  to  1.  It  is  also  immediate  that  the  integrand  of  (6.4) 

-cv2 

nated  by  the  integrable  function  Aye  1  (for  some  constants 
so  that  an  application  of  dominated  convergence  gives 


-  /xp 

is  domi- 
A,  c  >  0) 


a>  2,2 

lim  u  (u)  =  /  -^5  e  ^  '^°2  dy  =  l. 
q+0  q  0 


The  following  result  -  due  in  its  original  form  to  S.O.  Rice  (1945)  - 


is  now  an  immediate  corollary  of  this  lemma. 


THEOREM  6 . 7  (Rice's  Formula)  If  H(t)}  is  a  (standardized)  stationary 
normal  process  with  finite  second  spectral  moment  > 2<=  -r"(0))  then 
the  mean  number  of  upcrossings  of  any  fixed  level  u  per  unit  time  is 
finite  and  given  by 

/ 1 2  2  ,  j 

(6.5)  E (H  (1) )  =  ~  e-u  /z. 

U  C  7T 

(Hence  also  all  upcrossings  are  strict.) 

PROOF  This  follows  from  the  case  u  fixed,  in  the  above  lemma,  togeth¬ 
er  with  (iii)  of  Lemma  6.3.  D 


The  above  discussion  has  been  in  terms  of  upcrossings.  Clearly,  simi¬ 
lar  results  hold  for  downcrossings .  In  particular ,  the  mean  number  of 
downcrossings  is  also  given  by  (6.5). 

In  discussing  the  maximum  of  a  stationary  normal  process  £(t)  we 
shall  find  it  useful  to  compare  j;  with  a  very  simple  normal  process 
£*(t)  whose  maximum  is  easily  calculated  using  properties  of  its  up- 
corssings.  Specifically  let  n ,  (,  be  independent  standard  normal  r.v.'s 
and  define 

(6.6)  5*(t)  =  n  cos  ut+tsinut 


where  u  is  a  fixed  positive  constant. 

It  is  clear  that  5*(t)  is  normal  and  that  £*(t),  ...,  £*(t  )  are 
jointly  normal  for  any  choice  of  t^.  (This  follows  most  simply  from  the 


and 


observation  that  X  c.£*(t,)  is  normal  for  any  choice  of  t, 

1  l  i  1 

Thus  C*(t)  is  a  normal  process  and  E(£*(t))  =  0,  Its  covariance  func¬ 
tion  is  calculated  at  once  to  be 


(6.7)  r(t)  =  E{(n  cos  u  t  +  (  sinu  t)  (n  cos  w  (t  +  t  )  +  c  sinu(t+  t)) 
=  cos  uj  t  cos  u  (t  +  r)  +  sin  w  t  sin  u>(t  +  t) 


=  COS  U)  T  . 

Thus  £*(t)  is  weakly  stationary  and  hence  strictly  so,  beinq  normal. 
Write  now  n  =  A  cos  $  and  c  =  Asin<(>,  with  0<4><2ir.  Then 
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s 


(6.8)  '  *  ( t )  =  A  cos  ( .>  t  -  t )  . 

The  Jacobian  y ' ; y  =  A,  and  it  follows  simply  that  A,  t  have  joint 
density 

1  _  2  ,  - 

f  -  „ (x»y)  =  x  e  *  '  .  x'O,  0  '  y  *•  2* , 

showing  that  A,  i  are  independent,  A  having  the  Rayleigh  distribution 
— x  /  2 

xe  (x>0)  and  i  being  uniform  over  [0,2t).  The  sample  paths  of 

£*  are  ttius  cosine  functions  with  angular  frequency  w,  and  having  in¬ 
dependent  random  amplitude  A  and  phase  <P . 

The  distribution  of  the  maximum  M* (T)  for  this  process  can  be  ob¬ 
tained  geometrically.  However,  it  is  more  instructive  (and  simpler)  to 

2 

use  properties  of  upcrossings.  It  is  clear  that  A-  =  ,jU  for  this  pro¬ 
cess  and,  writing  N  =  N*(T)  for  the  number  of  upcrossings  of  u  in 
(0,T) ,  we  have 

(6.9)  E (N)  =  e"u2/2 

and 

P(M*(T)  >  u }  =  P{£*(0)  >  u}  +  Pf C*  (0)  <  u,  N  >  1}. 

Now  take  wT  <  tr .  Then  if  £*(0)  >  u  >  0,  the  first  uncrossing  of  u  occurs 
after  t  =  n/ui  (see  diagram),  and  hence  (N>1,  £*(0)  >  u}  is  empty,  so 
that 


Thus,  since  N  =  0  or  1, 

(6.10)  P(M*  (T)  >  u)  =  1  -  $(u)  +  P(N>1}  =  1  -  Hu)  +  E(N) 
-  1  -  $(u)  +  g  e"u2/2, 

or  equivalently. 


1 
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(6.11)  P-K*(T)  u 


.  (u) 


il  , -u2/2 
2  t- 


As  a  matter  of  Interest  and  for  liter  n.-a-,  i'  ■  -  ■  1  l  <  w.  lor  tin: 
that  for  f  ixed  h ,  ,l  , 


6  12)  EjJlliJlL-  4,  .  (h) 

ho  (u)  \2~) 


1/2 


(since  l-t(u)  :(u)/u  and 
much  more  general  conditions, 
As  noted  above  we  will  want 
stationary  normal  process  with 
will  be  made  by  an  application 


as  u  •  ■ 

• ,  -  ■  2)  .  This  limit  in 
as  we  shall  see. 
in  the  next  chapter 
this  special  process, 
of  the  following  easy 


fact  holds  under 

to  compare  a  general 

This  comparison 
consequence  of  Lem  a 


3.  3. 


LEMMA  6 . 8  (Slepian)  Let  ■  ^ ( t)  •  and  •  ' 2 1 1)  ■  be  normal  processes  (  pos¬ 

sessing  continuous  sample  functions  but  not  necessarily  being  stationary). 

Suppose  that  these  are  standardized  so  that  E("^(t))  =  E  ( r, ^  ( t )  )  =0, 

2  2 

E  ( ■'  ^  ( t )  )  =  E  (  £ j  t )  )  =  1 »  and  write  .  ^  ( t ,  s)  and  n2  ( t ,  s)  for  their  co- 
variance  functions.  Suppose  that  for  some  *,  >  0  we  have  r^(t,  s) 

P2(t,  s)  when  0  t ,  s  _  ‘.  Then  the  respective  maxima  M ^ ( t )  and  M2(t) 
satisfy 

PlMj  (T)  ^  ul  P<M2(T)  _  u) 
when  0  '  T  _  l.  . 

P-R°P-F  Define  M^11  and  M^2)  relative  to  ^(t),  *  2  <  t)  as  .n  Lemma 

6.1  where  c  =  2  .  Then,  with  probability  one  M<1')  ‘  M,  (T)  ,  so  that 

(M*^  r  u}  *  (M.  (T)  <  u)  and  hence  PfM^  u)  ►  PfM,  (T)  <  u}  as  n  * 
it  j.  -  n  -  1  - 

Similarly  P{M^2)  <  u}  -  P{M2 (T)  <  u) .  But  it  is  clear  from  (3.6)  of  Lemma 

3.2  that  P(M^  *  ^  til  '  PfM^*  '  u)  so  that  the  desired  result  follows.  □ 


walked  crossings 

The  material  in  the  remainder  of  this  chapter  will  not  be  used  until 
Chapter  8  and  in  subsequent  chapters.  The  reader  who  wishes  to  do  so  may 
proceed  directly  to  Chapter  7,  and  return  to  this  section  when  needed. 
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We  shall  consider  situations  where  we  not  only  register  the  occur¬ 
rence  of  an  upcrossing,  but  also  the  value  of  some  other  random  variable 
connected  with  the  upcrossing.  We  may,  e.g.  be  interested  in  the  deriva¬ 
tive  c, *  ( t ^ )  at  upcrossing  points  t^  of  u  by  ■'.(*)  or  the  value 
tfs^)  at  downcrossing  points  s^^  of  zero  by  !’(•),  i.e.  at  points 
where  4(t)  has  a  local  maximum.  We  shall  refer  to  these  as  - 
oros8:i.i8,  and  for  example  regard  f,  *(t^)  and  t(s^)  as  marks  attached 
to  the  crossings  at  t^  and  s^.  We  shall  here  develop  some  methods  for 
dealing  with  such  marks,  along  similar  lines  to  those  leading  to  Rice's 
formula  (although  with  some  increase  in  complexity) . 

Let  \  ’At)  ;  t  >0;  and  (n(t);  t>0i  be  jointly  stationary  processes 
with  continuous  sample  paths.  Denote  by  t^  the  uperossings  of  u  by 
4(t),  and  let,  for  any  interval  A,  N  (If  A)  be  the  number  of  t^  in 
X  such  that  n(ti)  €  A,  and  write  :ju<t;  A)  =  Nu  ( ( 0 ,  t);  A).  N^d), 

N  (t)  will  have  the  same  meaning  as  before,  e.g.  N  ( I )  = 

U  U 

Ny(I;  (-<«,  <*>) )  .  Further  define 

J  (uj  A)  =  i  Pt4(0)  <  u  <  4(g),  n  (0)  €A). 

4  4 

LEMMA  6 . 9  Suppose  E(N  (0,1))  "  •<•,  let  I  be  a  bounded  interval,  let 

q  *  0  as  n  *  ■ ,  and  let  N  (A)  be  the  number  of  points  jq  £  I 
n  n  n 

(with  (j  -  l)qn  €  X)  such  tnat 

4  (  (j  -  l)qn>  <  u  <  4  (jqn)  and  n  (  ( j  -  l)qn)  £  A. 

Then 

(i)  if  A  is  an  open  interval, 

liminfN  (A)  >  N  (I ;  A),  a.s. 

n->* 

(ii)  if,  for  every  v, 

(6.13)  P(q(t)  =  u,  ,(t)  =  v  for  some  t  £  I )  =  0 


then,  for  any  interval  A, 
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lim  sup  W  (A)  <  N  (I;  A),  a.s., 

n-*-oo  n  —  u 

and 

N  (Is  A)  =  11m  N  (A)  ,  a.s., 

n-°° 

(iii)  if  A  is  an  open  interval, 

E(Nu(I;  A))  <  lim  inf  E (N  (A) ) 
n-**> 

and,  if  (6.13)  holds, 

E(Nn(A) )  *  E(Nu(I;  A) ) 

and 

E (N  (I;  A) )  =  lim  J  (u;  A) . 

U  q*0  q 

PROOF  (i)  Suppose  that  N  (I;  A)  >  m  and  that  £(t)  has  upcrossings 
of  u  at  t^,  ...,  tm  in  the  interior  of  I,  with  n(t^)  6  A,  i=l, 

...,  m.  (Be  the  continuity  of  the  distribution  of  ;(t)  no  upcrossings 
occur  at  the  endpoints  of  X.)  Since  n(t)  is  continuous  we  can  sur¬ 
round  the  t/s  by  disjoint  subintervals  (ti  -e,  t±  +  t)  of  1  in 
which  n(t)  €  A.  It  then  follows  as  in  the  proof  of  Lemma  6.3  (ii)  that 

lim  inf  N  (A)  >  m. 
n  - 

(ii)  First  assume  N  (I;  A)  =  m<«=,  and  let  t,  ,  .  .  .  ,  t  be  as  in  (i)  . 

u  i  m 

If  (a,b)  is  the  interior  of  A,  (6.13)  precludes  n(ti>  =  a  or  b,  so 
that  n  ( t i )  t  (a,b) ,  and  we  may  therefore  take  disjoint  intervals  (t  -e, 
t,  +  e )  in  which  n ( t )  €  (a,b) .  Write  J  for  the  set  of  j's  such 
that  (j-l)qn  and  jqR  both  belong  to  (^-e,  ti+e)  for  some  i, 
and  J*  for  the  set  of  j's  such  that  (j  -l)qn  and  jqn  belong  to 
I  but  j  i  Jn.  Clearly  t^  is  the  only  upcrossing  of  u  by  ;(t)  for 
t  €  ( -  £ ,  t^  +  e ) ,  and  therefore  by  Lemma  6.2  ( i ) , 

(6.14)  lim  sup  Z  * .  <  m, 

n-»®  j€J  ^ 
n 


where 


-  i.  J  “ 


1  if  r,  (  ( j  -  1)  qn>  '  u  '  :  (  j qn )  and  -  ( (  j  -  1 )  qn)  £  A 
*  i 

0  otherwise. 

Furthermore,  if 

lim  sup  7  v  .  >  0 , 
n-»”  j€J*  ^ 

then  for  n  arbitrarily  large  there  are  j  £  J  *  with  >  .  =1  and 

hence  a  sequence  of  integers  fn}  such  that  j ^q~  -  t,  with 

t  i  (ti  -  r ,  ti  +  e) ,  i  =  1,  . . . ,  m,  and  \ .  =  1.  From  the  continuity 

of  n(t)  it  follows  that  r,  f  r )  e  [a,  b],  and,  since  (6.13)  precludes 

r  (  t  )  =  a  or  b,  we  must  have  n(-)  £  (a,  b)  .  Hence  r.  ( t )  £  (a,  b)  c  A 

for  t  €  (t-e1,  t+e')  for  some  e'  0 ,  which  can  be  taken  small 

enough  to  make  t  ^  4  (t-e1,  t  +  e  ' )  ,  i  =  1,  ...,  m.  Further ,  f  or  n 

large  enough,  both  (j l)q~  and  j~q~  belong  to  (t-e',  t+e')  and 

3  nJn  n  n 

thus,  by  Lemma  6.2  (i) ,  r(t)  has  a  u-upcrossing  in  (  t  —  e  '  ,  t+e') 
which  contradicts  NU(I»  A)  =  m.  This  shows  that 

lim  sup  Z  \  ■  =  0 , 
n*“  j£j*  ^ 

which  together  with  (6.14)  proves  that  lim  sup  N  (A)  <  N  (Xj  A),  a.s. 

n-00  u 

Since  furthermore,  (6.13)  implies  that  N^d;  A)  =  Nu  (X;  (a,b)  )  ,  part  (i) 
gives  that 

lim  inf  U  (A)  >  lim  inf  N  ((a,b)>  >  N  (I;(a,b))  =  n  (I;  A). 

n-<»  n  “  n-»"  n  -  u  u 

Hence  Ny(A)  ’  Nu(I;  A)  =  m  <  ®  a.s.  as  asserted.  If  Nu(I;  A)  =  «°,  the 
conclusion  follows  from  part  (i)  with  (a,b)  replacing  A,  since 
Nu(I;  A)  =  Nu(I, (a,b) )  by  (6.13) . 

(iti)  The  first  conclusion  follows  at  once  form  Fatou's  Lemma  and  part 

(i),  while  it  follows  from  part  (ii)  that  E(N  ( I ;  A))  =  lim  E  (N  (A)), 

,J  n-*®  " 

since  Nn(A)  <  NU(I)  and  E(Nu(l))  <  °°  by  assumption.  Further,  if 
I  =  (0,1),  there  are  approximately  q”1  points  jqn  €  I,  so  that 

E(Nn(A))  ~  q” 1  E ( x  L)  =  J  (u;  A). 


4 
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Hence  the  last  assertion  of  (iii)  follows  since  the  sequence  ■ qn  •  is 
arbitrary.  a 

We  shall  now  evaluate  the  limit  of  J  (u;  A)  for  the  case  when  ;(t) 

q 

and  n(t)  are  jointly  normal  processes.  For  convenience  we  assume  that 
r,  (t)  is  standardized,  i.e.  it  has  mean  zero  and  variance  one.  As  was 
noted  earlier,  if  r,(t)  is  quadratic  mean  differentiable  then  E  (  r.  ’  ( t ) ) 

=  0,  Xj  =  Var(5'(t))  <  °°,  and  C(t),  c'(t)  are  independent  for  each  t 
and  normal,  and  hence  they  have  the  joint  density  function 

p(u,  z)  =  <p(  ujXj  ^^9  • 

Further  it  can  be  shown  that  the  three  processes  (c(t)},  { C ' ( t) > ,  and 
{n(t)}  are  jointly  normal,  and  that  the  crosscovariances  and  covari¬ 
ances  can  be  obtained  as  limits,  e.g. 

CovU'  (t)  ,  n(t  +  t)  )  =  lim  E(h-1(c(t  +  h)  -  c  (t)  >,  n  (t  +  x) )  . 

h-0 

Conditional  distributions  can  also  be  defined,  using  ratios  of  density 
functions  when  they  exist,  e.g.  for  a  measurable  set  A,  we  define 

p{n(0)  E  A  |  U0)  =  u,  V  (0)  =  z> 

=  y£/U0),cM0),nl0)(u'z'Y)/P(u'z)  d*' 

where  p^^  is  the  density  function  of  C(0),  c’(0),  n(0). 

In  the  sequel,  conditional  probabilities  will  always  be  understood  as 
defined  in  this  way. 

LEMMA  6. 10  Let  (c(t)}  be  a  zero  mean  normal  process,  jointly  normal 
with  the  process  { n  ( t)  } ,  and  such  that  ^  (0)  ,  C(0),  n(0)  have  a  non¬ 
singular  distribution.  Assume  further  that  { n  ( t) }  has  continuous 
sample  paths  and  that  t(t)  is  differentiable  in  quadratic  mean  with 

A2  =  Var  {(, 1  (t) )  (<  °°)  .  Then,  for  any  measurable  set  A  and  any  u, 

00 

lim  J  (u;  A)  =  /  zp{u,z)P{n(0)  6A  |  c(0)  =u,  c  *  (0)  =z}dz. 

q+0  ^  z=0 

PROOF  Write  n  =  n  (0)  ,  and  as  in  the  proof  of  Lemma  6.6  introduce  the 
independent  normal  r.v.'s  ^  =  U (0)  + C (q) )/2,  C2  =  (c (q)  -  c (0) )/q  with 


variances 


'l  =  (r (0)  +  r (c) )/2,  -2  =  2  f  r (0 )  -  r  f ^  /q2,  and  note 


J  (u;  A)  =  q  P{  ;  .;x 


=  (q='1'2) 


u+qz/2  ■ 

P-  £  A  ^  =  x,  2  =  z  dxd 

z=0  x=u-qz/2  i'l/  -  2' 


(6.15) 


-HH  ■  ^  =  u+xqz/2 ,  2=z  dxd 

2  =  0 J  2  i  2'x=-l2  1  V  *i  )  1  2 


To  obtain  the  limit  of  the  conditional  normal  probability 
p{  n  e  A|  ;1  =  v,  C2  =  z;  as  q  -*•  0  (and  v  ■»  u)  we  note  that  since  ;'(t)  • 
and  { n  ( t ) }  are  jointly  normal  processes,  the  conditional  distribution 
of  0  =  n (0)  given  'x  =  (C  (0)  +  C (q) )/2  = v,  C2  =  (  ;  (q)  -  (0) ) /q  =  z, 

is  also  normal  with  mean 


m  ( v ,  z )  =  E  ( r, )  +  v  ~  ^  Cov  ( o  ,  '  1 ) 


Z  •  _  2  COV ( n ,  '  ) 


and  variance 

Vg  =  Var(n)  -  a~2  Cov2^,^)  -  o~2  Cov2(t,',2). 

Since  -*■  C(0),  ; 2  *  ;'(0)  in  quadratic  mean  as  q  -  0  it  follows 

that  Covfn,^)  -  Cov(n (0) ,? (0) ) ,  Cov(n,r>2)  -  Cov  (t  (0)  , '  (0)  )  as  q  *  0. 
2  2 

Since  furthermore,  -  r  (0)  =  Var  ( ( 0) )  ,  -  *  2  =  Var  ( '  *  (0) )  ,  and  '(0), 

(0)  ,  n  (0)  are  non-singular  by  assumption  we  have  Vn  =  lim  V  >0. 

q-0  ^ 

Thus,  with  m,  =  lim  m  (u  + xqz/2 , z) ,  dominated  convergence  gives  that 
q-0  q 

for  all  x  and  z. 


*f  n  €  A;  =  u+xqz/2,  ,;2=z}  =  /  — —  ;  )dy 


A  /’ V  ^  ,V  ^ 

q  q 


'\J  '  \T  f 


=  Pf  n  (0)  e  A'  r  (0)  =  u,  (0)  =  z  j 
as  q  -*  0.  Again  by  dominated  convergence  it  follows  that 


J  (u;  A)  -  /  —  <p(— 

V  7=n  /V  V/T 


I  - —  <t>  ( — - - ]p{n(0)€Ak(0)  =u, 

1  /F77TT  '/rTriT/ 


z=0  /I^  V/T^2  v/rToT 


r.  '(0)  =  z  Idz 


which  is  the  conclusion  of  the  lemma. 


* 
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Local  maxima 


As  an  application  of  the  marked  crossings  theory  we  end  this  chapter  wit 
some  comments  concerning  lc?al  rcxirci.  To  avoid  technicalities  we  assume 
that  the  stationary  normal  process  if,(t)}  has  sample  functions  whicn 
are,  with  probability  one,  everywhere  continuously  differentiable.  Suf¬ 
ficient  conditions  for  this  can  be  found  in  Cramer  and  Leadbetter  (1967) 
and  they  require  slightly  more  than  finiteness  cf  the  second  spectral 
moment  A-j  cf-  the  condition  (6.3,  for  sample  functor,  continuity. 

Clearly  then  ^(t)  has  a  local  maximum  at  t„  if  and  only  if  r'(t) 
has  a  downcrossing  of  zero  at  t^,  and  a  number  of  results  for  local 
maxima  can  therefore  trivially  be  obtained  from  corresponding  results 
for  downcrossings . 

In  particular,  to  ensure  that  -;(t)  has  only  finitely  many  local 

i  4  j 

maxima  in  a  finite  time,  we  need  the  assumption  •  4  -  r  . 0  i  ,  where 

4 

is  the  fourth  spectral  moment  I  _  t.  ci~(  •;  . 

If  X4  < ®,  then  A ( t)  has  also  a  second  derivative  f"(t),  defined 
in  quadratic  mean,  and  C(t),  6'(t),  rM(t)  are  jointly  normal  with 
mean  zero  and  the  covariance  matrix 


where  we  usually  assume  *■  ^  =  1.  Further  r.(t),  \'(t),  r"[t)  have  a 
non-singular  distribution  provided  is  not  of  the  form  £(*-)  = 

=  A  cosltot-  (M  .  (In  fact,  the  determinant  of  the  covariance  matrix  is 
X2(XQX4  -  X2)  =  X  2  f  /  dF  ( X  )  /A4  dF(X)  -  (/>.2  dF(X)  )  2  }  ,  which  is  zero  only  if 
F  is  concentrated  at  two  symmetric  points.)  If  ^  ■  we  also  have 

the  analogue  of  (6.2), 

Cov(CMt),  ^'(t  +  x))  =  -  r "  (  t  )  =  X2-|  >4t2  +  o(t2)  as  -  ■*  0 , 
and,  normalizing  to  variance  one,  we  obtain 

(6.16)  Covdj^Vft),  )j1/2f'(t  +  T))  =  1  -  |  i2+o(t2)  as  t- 


0. 


-  JL 


We  will  temporarily  use  the  notation  N'(T)  for  the  number  of  local 
maxima  of  %(t),  0<t<T.  From  Rice's  formula  (6,5)  and  (6.16)  we  obtain 
that  the  expected  number  of  local  maxima  Ir.  ;C  ,T>  is 


E (N1 (T) ) 


T  (U\1/2 
2r  \a 2) 


In  Chapter  9  we  shall  study  heights  and  locations  of  :'jh  I'-.ial 
ma.  Write  N^(T)  for  the  number  of  local  maxima  of  r  (t)  ,  0  <  t  --  T, 
whose  height  exceeds  u,  i.e.  with  the  previous  notation,  if  % (t)  has 
local  maxima  at  the  time  points  {s^l,  then  N^(T)  is  the  number  of 
6  (0,T)  such  that  ^(s^)  >  u. 


LEMMA  6,11  If  (£(t)}  is  stationary  normal,  with  continuously  differ¬ 
entiable  sample  paths,  and  with  a  quadratic  mean  second  derivative  "  it) 
with  Var  ( £ "  ( t )  )  such  that  Ut)  ,  l’(t),  -;"(t)  have  a  non¬ 

singular  distribution,  then 

“  0 

E(N^(T))  =  T  /  /  |Z[p(x,0,z)  dzdx, 

x=u  z=-» 

where  p(x,y,z)  is  the  joint  density  of  -l(t),  v’(t),  %"(t). 

PROOF  We  shall  use  Lemmas  6.9  and  6.10,  identifying  (t)  =-'"(t)  and 
"(t)  =  ;(t).  By  assumption,  ;'ft):  and  ft!  satisfy  the  hypotheses 
of  Lemma  6.10,  with  Var('*(t))  =  •  ^ ,  so  that  for  ar.y  open  interval  A, 

(6.17)  lim  J  (0;  A)  =  /  zf  . ,  ,  ( 0  ,  z )  P  -  : i  6  A  -  ( C  j  =  0 ,  - '  ( 0 )  =  z  ■  dz 

qlO  q  z  =  0  1  ’  ’ 

0 

=  /  |zlp(0,z)P{f.  (0)  €  A' (0)  =  0,  f  "  ( 0 )  =  z  •  d  z  , 

2  =  -oo 

where  p(0,z)  is  the  density  of  £’(0),  r,"  (0)  .  By  Theorems  6.5  and 
6.7,  all  t  such  that  c(t)  =  £' (t)  =  0,  are  either  upcrossing  or 
downcrossing  points.  Lemma  6.9  (iii)  implies  that,  writing  N„(T;  V  ) 

0  i. 

for  the  number  of  maxima  in  (0,T)  with  height  in  Ve  =  (v-l,  v+), 

P{?’(t)  =  0,  ?  (t)  =  v  for  some  t  6  (0  ,T)  }  <  2  E  (N^  (T ;  V  )  ) 

1  2  T lim  inf  J  (0;  V  ) , 
q(0  q  ' 


Since  E  (N  (V  ))  ~  j  f0.  v  , 

n  c"  V0'  V*  B--  ^-17,  tr.e  right  hand  side  car.  be  made 
aroxtrarily  small.  Thus  ;(t),  t(t)  satisfy  condxtion  (6.13)  and  oy 

Lemma  6.9  (iii)  and  stationarity 


E  (.V0  (T;  (u,«l  ))  -  T  E(N0(1;  (u,»j  )  )  =  T  lim  J  (0;(u,*>) 

q-0  q 


Inserting 


pU(0)  6  (uf-)|5-(0)  =0,  6 "  ( 0 )  =Z;  =  ;  p(x,0,z)/p(0,z)  dx 

U 


into  (6.17),  the  lemma  follows. 


By  inserting  the  normal  density 
P(x,0,z)  =  (2tt,  -3/2(12d)  "I' 
where  D  -  -  Xj,  we  obtain  after  some  calculation 


P(x,0,z)  =  (2tt)“3/2(x^d)-1/2  2  2 

2  '  exp(  (A4x  +  2> 2xz  +  z^)/2D)  , 


(6 


■  u,  -£{(^)1/2  (i  -  e(u,VD)i/2,\, 


+  <2nX2)1^2  $(U)  i  (uA  2/D1//2)  J 


CHAPTER  7 


EXTREMAL  THEORY  OF  MEAW  SQUARE  DIFFERENT  I  ABLE  jhMAL  PROCESSES 

In  this  chapter,  the  extremal  theory  of  stationary  normal  processes 

will  be  developed  —  giving  analogous  results  to  those  of  Chapter  3.  We 

shall  assume  throughout  this  chapter  that  '(t,;  t  _0  is  a  statior.- 

2 

ary,  normal  process  with  E  ( r  ( t )  )  =0,  E  ( (t))  -1,  E  ( •',  ( t)  f  t  +  - )  )  =  r  f  • ) 
where  the  spectral  ir.oment  /  =r"(0)  exists  finite.  Equivalently  this 

requires  that  the  mean  number  of  uperossings  of  any  level  per  time  unit 
is  finite  (Theorem  6.7),  and  also  equivalently  that  the  covariance  func¬ 
tion  has  the  following  representation, 

(7.1)  r(T)  =  1  -  >2t2/2  +  o(i2)  as  -  -  0. 

Less  regular  cases  where  > ^  ~  *  will  be  considered  in  Chapter  12. 

As  for  normal  sequences,  the  double  exponential  limit 

P(aT(M(T)  -bT>  '  x:  -  exp(-e'X)  as  T  -*•  * 

(for  M(T)  =  sup{  £  ( t)  ;  0<t<T)  a%  in  Chapter  6)  will  be  derived  under 
the  weak  condition 


(7.2)  r(t)  log  t  -<-0  as  t  -*•  «. 


This  is  the  continuous  time  analogue  of  (3.1),  and  it  will  be  used  to 
derive  a  version  of  Lemma  3.1,  before  starting  the  main  development. 
Still  weaker  conditions  corresponding  to  (3.12)  will  be  obtained  at  the 
end  of  this  chapter.  In  the  following  lemma  we  shall  consider  a  level 


u  which  increases  with  the  time  period  T  in  such  a  way  that 
E(Nu(T))  remains  constant,  i.e.  Tu  remains  constant,  where  u  = 

*,NU<1»  =  2^/2e“u2/2. 

We  shall  also  consider  points  (kg;  k  =  l,2...}  where  q  depends 


on  u  (or  equivalently  on  T)  and  q  -►  0  as  u  (or  T)  - 


statement  that  "a  property  holds  provided  y  =  y(u)  7  0  sufficiently 
slowly"  is  to  be  taken  to  have  the  obvious  meaning  that  there  exists 
some  Yq(u)  +  0  for  which  the  property  holds,  and  it  holds  for  any 
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t  (u)  such  that  i  (u)  *  0  but  r  Q ( u )  _  :(u)  as  u  *  The  following 

is  the  promised  continuous  analogue  of  Lemma  3.1. 


LEMMA  7.1  Let  £  >  0  be  given. 

(i>  If  (7.2)  holds,  then  sup(  |  r  It)  )  j  |  t)  >  c )  =  &<1. 

(ii)  Suppose  that  (7.1)  and  (7.2)  both  hold.  Let  T  —  t/|j,  where  t 

2 

is  fixed  and  u  =  E(N„  (1))  =  ^-xy2e'u  /2,  so  that  u  ~  (2  looT)1/2 

U  x.  TT  Z 

as  T  -*  “  (as  is  easily  checked)  .  If  qu =  q(u)u  *  0  sufficiently  slowly 
as  u  *  c  tnen 

l  Z  |r(kq)|e-'i2/(1+ir^t>  ^0  as  T  -*•  <*>. 

"  i  <kq<T 


PROOF  (i)  As  in  the  discrete  case  (cf.  remarks  preceding  Lemma  3.1) 
if  r(t)  =1  for  any  t  >  0,  then  r(t)  =  1  for  arbitrarily  large 
values  of  t  which  contradicts  (7.2).  Hence  jr(t)j  <  1  for 
1 1 1  >  t,  and  since  r(t)  is  continuous  and  tends  to  zero  as  t  -  ™ , 
we  must  have  |r(t)  |  bounded  away  from  1  in  j  t  J  >  c,  and  (i) 
follows . 


(ii) 

0  <  c 


As  in  the  discrete  case,  choose  a  constant  ?  such  that 
<  Letting  K  be  a  generic  constant, 

I  E  „  £  jfL1  e-u2/tJ,6) 

q  £<kq<TB  q 

=  ,2/(1  +  6) 


-  JL  rnB  +  1  -  2/(1  +  6) 

<  (logT)T6  +  1-2/(1  +  5) 

q  u 


2 

since  u  ~  2  logT,  as  noted.  If  y 
the  last  expression  is  dominated  by 
provided  ug  -»  0  more  slowly  than 
tends  to  zero. 


is  chosen  so  that  0  <  y  <  -  6, 

K(qu)  T  which  tends  to  zero 
T  Y/^2  (=  Ke  YU  /*)  .  Hence  this  sum 
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/ 


_  ...  -U2/ ( 1  +  I r (kq) I )  -U2  u2  r ( kq)  /(1  +  r(kq) 

By  writing  e  ^  =  c  e 


that  the  remaining  sum  does  not  exceed 


we  see 


q 

Again  as 

6  (t)  •*  G  as 

i (t) /log  t. 

which  tends 
eui|r(kq)  | 

snow  that 


i r (kq) 


l  r (kq) 


T^<kq<T 

in  the  discrete  case,  if  6 ( t )  =  sup  r  ( s )  logs  then 

s>  t 

t  -*  *  and  for  s  >  t  1  we  have  ,r(s)  £  ( t )  /  log  s  _ 
Thus  for  kq  >  Tr  ,  u2  :  r  (kq)  .  <  K  log  T  '  (T^) /log  T1'  =  f  ^  ) 
to  zero,  uniformly  in  k.  Hence  the  exponential  term 
is  certainly  bounded  in  (k,u).  It  is  thus  sufficient  to 


T 

q 


7 


i  r  (kq)  | 


0  as  T  . 


T^< kq^T 

But  this  does  not  exceed 

K-T-2  -  6  (V2)/log  T6  <  K  6  (T“)/(q2u2) 

q  q 

whicli  again  tends  to  zero  provided  qu  *  0  sufficiently 
slower  than  5  (T ^ )  )  . 


s 1 ow 1 y 


( i  .e . 


□ 


Having  proved  this  technical  lemma,  we  now  proceed  to  the  main  deri¬ 
vation  of  the  extremal  results  under  the  assumption  that  r"(0)  exists 
(i.e.  >-2  <  °°)  and  (7,2)  holds.  The  condition  A  2  <  ">  guarantees  that 

the  point  process  of  upcrossings  of  a  level  u  will  have  a  finite  in¬ 
tensity.  The  case  A2=<»  is  also  of  interest,  and,  as  noted,  will  be 
treated  in  Chapter  12,  but  requires  the  use  of  more  complex  methods 
(such  as  an  extended  definition  of  upcrossings) . 

Our  basic  technique  here  is  to  divide  the  interval  (0,T)  (where  T 
becomes  large)  into  n  pieces  of  fixed  length  n  ( n  =  [ T/h J )  .  Then  M(T) 
will  clearly  be  close  to  M(nh)  which  is  the  maximum  of  n  r.v.'s 
Cj  =  M ( ( j  -  1) h , jh) ,  j  =  1,2,...,  n,  (the  forming  a  stationary  se¬ 

quence)  .  Thus  we  might  expect  that  the  methods  used  for  sequences  would 
apply  here  and  this  is  the  case  (although  we  shall  organize  our  argu¬ 
ments  slightly  differently  to  better  suit  the  present  purposes). 
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It  is  therefore  not  surprising  that  the  tail  of  the  distribution  of 
the  ,  i.e.  P{M(h)  ->  u ;  (for  fixed  h)  plays  a  central  role.  In  fact 
the  same  asymptotic  form  (6.12)  holds  for  this  tail  probability  here, 
as  did  for  the  special  process  (t)  =  n  cos  ut  +  r,  siniut.  In  this  pres¬ 
ent  chapter  it  will  be  sufficient  to  obtain  the  following  somewhat 
weaker  result.  In  this  we  shall  use  Slepian's  Lemma  (Lemma  6.8)  to  com¬ 
pare  maxima  of  5(t)  and  %*(t)  along  the  lines  of  a  procedure  origi¬ 
nally  used  by  S.M.  Berman  (1971  b)  . 

LEMMA  7 . 2  Suppose  that  the  (standarized)  stationary  normal  process 
{£ (t) }  satisfies  (7.1).  Then,  with  the  above  notation, 

(i)  for  all  h^O,  P{M(h)  ->  u}  <  1  -  4>  (u)  +  Kh 

so  that  limsupP'M(h)  >u}/(ph)  <1, 

u-»-'> 

(ii)  given  «  <  1  there  exists  hQ=hQ(0)  such  that  for  0  ^  h  ^  h^ 

(7.3)  ?{M(h)  > u;  >  1  -  4(u)  +  6uh 

so  that  lim  inf  P{M(h)  >  u}/(Mh)  >  6  for  0  <  h  <  h.  =  h0  (9)  . 

U'+'TO 

PROOF  (i)  follows  since 

P{M(h)  >  u }  <  P{^(0)  >  u}  +  P{Nu(h)  >1} 

<  1  -  4>(u)  +  E(Nu(h)  )  . 

Vac  second  result  (ii)  follows  simply  from  Slepian's  Lemma  (Lemma 
6.C)  by  comparison  with  the  simple  process  f*(t)  given  by  (6.6).  For 
if  to  =  6X*' 2  we  have,  by  (7.1)  ,  r  (t)  <  cos  tot  for  0  <  t  <  h^  <  t/w. 
(hQ=hQ<0)  >0).  But  this  shows  that  the  covariance  function  of  “'(t) 
is  dominated  by  that  of  £*(t)  in  [0,hgj  and  hence  P{M(h)  >  u }  ' 
P{M*(h)  >ui  for  h^hp,  (with  M*  as  in  (6.10)),  which  then  gives 
(ii).  o 

Our  remaining  task  is  to  approximate  the  maximum  M (T)  (for  increa¬ 
sing  T)  by  the  maxima  over  suitable,  separated,  fixed  length  subinter¬ 
vals,  and  show  asymptotic  independence  of  the  maxima  over  these 
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intervals.  First  we  give  a  simple  but  useful  lemma.  In  this,  for  q  -  0, 

N  and  will  denote  the  number  of  upcrossings  of  u  in  a  fixed 

u  u 

interval  I  of  length  h,  by  the  process  {£,(t);  ,  and  the  sequence 

{£(kq)i,  respectively.  More  precisely,  N^q^  is  the  number  of  kq  £  I 

such  that  (k-l)q  £  I  and  U(k-l)q)  "  u  <  r(kq)  (cf.  Lemma  6.3 

{qn] 

With  q  for  qn  and  Nn  =  Nu  )  - 

LEMMA  7 , 3  If  (7.1)  holds,  with  the  above  notation,  as  u  *  »■,  qu  -  0, 

(i)  E  (N^q)  )  =  hu  +  o  (u)  , 

(ii)  P{M  (I)  <  u)  =  P{  r  (kq)  <  u,  kq  £  I }  +  o(u), 

where  each  o(u)-term  is  uniform  in  all  such  intervals  I  of 
length  h  <  for  any  fixed  >  0. 

PROOF  The  number  of  points  kq  £  I  with  (k  -  l)q  £  I  is  clearly 
(h/q)  -  8  where  0  <  6  <  2.  Hence  with  J  (u)  defined  by  (6.1),  Lemma 
6.6  implies  that 

E(Nyq) )  =  (|  +  3) p{ ^ (0)  '  U  <  i (q)  i 
=  (h  +  Bq)  J  (u) 

=  uh(l  i  o(l) )  +  O ( uq) 

where  the  o-  and  0-terms  are  uniform  in  h  so  that  (i)  clearly  holds 
with  o(u)  uniform  in  0  <  h  ■"  fig. 

To  prove  (ii)  ,  note  that  if  a  is  the  left-hand  endpoint  of  I, 

0  <  PU(hq)  <  u,  keel}  -  P(II(h)  <u} 

<  PU(a)  >  u}  +  P{?(a)  <  u,  NU>1,  N^q)=0} 

<  1  -  #(u)  +  P{NU  -  N^q)  >  1}  . 

(C*  ) 

The  first  term  is  o  ( <f>  ( u )  )  =  o(u),  independent  of  h.  Since  N  -  N  ■* 
is  a  non-negative  integer-valued  random  variable  (cf.  Lemma  6.3  ( i ) ) , 
the  second  term  does  not  exceed  E(Nu~N^q^)  which  by  (i)  is  o(u), 
uniformly  in  (0,hg).  Hence  (ii)  follows.  □ 
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Now  let  u,  T  -  »  in  such  a  way  that  Tu  ■*  r  >  0.  Fix  h  '  0  and 
write  n  =  [T/h].  Divide  the  interval  [0,nh]  into  n  pieces  each  of 
length  h.  Fix  e,  0  <■  e  <  h  and  divide  each  piece  into  two  -  of  length 
h-E  and  e,  respectively.  By  doing  so  we  obtain  n  pairs  of  inter¬ 
vals  1^,  IJ,  . ..,  In,  I**  alternately  of  length  h-E  and  f,  making 
up  the  whole  interval  [0,TJ  apart  form  one  further  piece  which  is 
contained  in  the  next  pair,  I  I*+^. 


LEMMA  7 . 4  As  u  -  °°,  qu  -  0  and  Tu  -  t  >  0, 

n  T 

(i)  limsup|P{M(U  I.)  <u}  -  P{M(nh)  <  u  >  j  <  r-  c 

T-*  1  3  n 

n  n 

(ii)  P  { 6  (kq)  <  u,  kq  €  U  I.}  -  P{M(U  I.)  <  u}  •  0. 


1 


PROOF  For  (i)  note  that 


2  ' 


0  <  P{M(U  I.)  <  u }  -  P { M ( nh )  <  u} 

1  3 

<  nP {fl (I* )  >  u } 

~  ^  P  {M  (I  *)  >  U}/(|JC) 

since  n  =  (T/hl  ~  t/(uh).  Since  has  length  e,  (i)  follows  from 

Lemma  7.2  ( i ) . 

To  prove  (ii)  we  note  that  the  expression  on  the  left  is  non-negative 
and  dominated  by 


E  (p{£(kq)  <  u,  kq  €  I  •  }  -  P{M(I.)  <u}\ 
j=l\  ->  J  ~  / 


which  by  Lemma  7.3  (ii)  does  not  exceed  no(y)  =  [T/h]o(p)  =  o(l), 

(the  o(u)-term  being  uniform  in  the  I.'s),  as  required.  a 

The  next  lemma,  implying  the  asymptotic  independence  of  maxima,  is 
formulated  in  terms  of  the  condition  (7.4),  also  appearing  in  Lemma  7.1. 

LEMMA  7  ■  5  Suppose  r(t)  -  0  as  t  ■*  ®  and  that,  as  T  ■*<*>,  qu  ■*  0, 

(7.4)  |  E  |r(kq)|e’u2/(1+  lr(k<J>i>  -  0 

q  e<kq<T 

for  each  t  >  0.  Then  as  T  *  *>,  qu  ■*  0,  Tu  ■*  r, 
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(i) 

Pi  £  (kq) 

i  U» 

n 

(ii) 

lim  sup 

i  ^ 

T-*<» 

'  3  =  1 

for  each  e ,  0 

<  <. 

PROOF 

To  show 

(i) 

::  P  {  \  ( kq )  <  u  ,  kq  £  I  .  }  ■»  0 


-  Pn  •  M  (h)  ^  u  ;  < 


r  (kq) ,  kq  £ U  I.  under  the  full  covariance  structure,  with  the  maximum 
1  3 

of  '(kq),  assuming  variables  arising  from  different  I^-intervals  are 
independent.  To  formalize  this,  let  A ^  =  (‘^)  be  the  covariance 
matrix  of  Ukq) ,  kq £ U  1^  and  let  A0  =  ( i ° ^ )  be  the  modification 
obtained  by  writing  zeros  in  the  off-diagonal  blocks  (which  would 
occur  if  the  groups  were  independent  of  each  other) ;  e.g.  with  n  =  3, 


AU_ 

A1 2 

1 

1 

1 

A13 

_J_ 

| 

A21_ 

(_A22 

1 

1 

J- 

1 

A23 

A31 

L 

|  A32 

1 

1 

1 

\ 

1 

A33 

_°___j__A2_2_ 


From  Lemma  3.2  we  obtain 


I  P  {  5  (kq)  <  U ,  kq  €  U  I.)  -  n  P  { £  (kq)  <u,  kq£I.) 


-  A  ,  A  Tlxij-X?j|U-pfj)'1/2exp(-u2/(l+c.  )) 
l<i<j<L  j  j  j 

“  n  x 

where  L  is  the  total  number  of  kq-points  in  U  I.,  and  p..  =  |*. .  |. 

1  ^  1  1  J 

Since  all  terms  with  i,j  in  the  same  diagonal  block  vanish,  while 
otherwise  sup  p^  =  6  <  1  by  Lemma  7.1  (i),  we  see  that  the  double 
sum  does  not  exceed 


K  Z*  p^expf-u  /d  +  Pj_j))' 

where  Z*  indicates  that  the  summation  is  carried  out  over  i  <  j  with 
(i,j)  in  the  off-diagonal  blocks  only.  But  p^  is  of  the  form  |r(kq) | 
where  there  are  not  more  than  T/q  terms  with  the  same  k-value.  Thus, 
since  the  minimum  value  of  kq  is  at  least  c,  we  obtain  the  bound 
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n  n 

PtUkq)  <u,  kq  €  U  I.}  -  .1  P($(kq)  <  u,  kq  £  I  } 

1  D  j=l  '  3 


<  K  —  E  |  r  (kq)  ;e'“  /(1  +  ir(kq)  > 
q  e< kq<T 

which  tends  to  zero  by  Assumption  (7.4)  so  that  (i)  follows. 

To  prove  (ii)  ,  note  that  by  Lemma  7.3  (ii), 

0  <  P{^(kq)  <  u,  kq  €  I j  }  -  P{M(I^)  < u}  =  o ( u ) 

(uniformly  in  j)  and 

0  <  P{M(I.)  <  u}  -  P{M(h)  <u}  =  P{M (I* )  > u} 
so  that  by  Lemma  7.2  (i),  for  sufficiently  large  n  (uniformly  in  j) 


0  <  P.  -  P  <  2M£ 

where  P^  =  P{£(kq)  <  u,  kq  £  r),  P  =  P(M(h)  <u).  Hence 

0  <  n  P.  -  Pn  <  (max  P.)n  -  Pn  <  2nue 
j=l  3  "  3 

(using  the  fact  that  yn  -  xn  <  n(y-x)  for  0  <  x  <  y  <  1)  .  Part  (ii)  now 
follows  since  nu  ~  Tu/h  -*•  i/h. 


The  basic  extremal  theorem  now  follows  readily. 

T  1/2  -u2/2 

THEOREM  7  ■  6  Let  u,  T  -  °°  in  such  a  way  that  Tu  =  >2  e 

t  >0.  Suppose  that  r(t)  satisfies  (7.1)  and  either  (7.2)  or  the 
weaker  condition  (7.4)  (cf.  Lemma  7.1).  Then 

(7.6)  P { M ( T )  <u)  -  e-T  as  T  •* 

PROOF  fly  Lemma  7.1  the  assumption  (7.4)  of  Lemma  7.5  holds.  From  Lemma 
7.4  ana  7.5  we  obtain 

lim  sup  |P(M(nh)  <u)  -  Pn{M(h)  <  u)  |  <  Kt. 

T-*00 

for  some  K  independent  of  t,  and  since  e  >  0  is  arbitrary  it  fol¬ 
lows  that 

P  { M  ( nh )  <u  i  -  Pn{M(h)  <u)  -  0. 
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Further,  since  nh  i  T  (n  +  ljh,  it  follows  along  now  fair.iliar 
lines  that 


0  i  P  M(nli)  lu-  -  P'M(T)  •  u  ?•  n  ih)  •  1  „h 

which  tends  to  zero,  so  that 

PtM(T)  <  u :  =  Pn-M(h)  <  u-  t-,(li. 

This  holds  for  any  fixed  h  >  0.  Suppose  now  that  •  is  fixed, 

0  <  <•  1,  and  h  chosen  with  0  >•  h  -  hQ  where  nQ  =  hQ(-)  is  as 

in  Lemma  7.2  (ii),  from  whence  it  follows  that 

P  •’  M  ( h )  >  u }  >  6  w-h  (l+o(l))  =  (l  +  o(l)) 

and  hence 


P{M(T)<U;  =  ( 1  -  P  ( M  ( h )  >u;)n  +  o(l) 

<  (1  -  ‘ ’ r / n  +  o  ( 1/n)  )n  +  o(l) 


so  that 

lim  supP(M(T)  <  u}  <  e~^T 

By  letting  6  t  1  we  see  that  lim  supP{M(T)^u1  *_  e“T  .  That  the 
opposite  inequality  holds  for  the  lim  inf  is  seen  in  a  similar  way, 
but  even  more  simply,  from  Lemma  7.2  (i)  (no  being  involved)  so 

that  the  entire  result  follows.  □ 


COROLLARY  7.7  Suppose  the  conditions  of  the  theorem  hold,  and  let  E 
ET  be  any  interval  of  length  yT  for  a  constant  y  >  o.  Then 
P{M(E)  <u)  +  e~YT  as  T  -  ®. 

PR00F  By  stationarity  we  may  take  E  to  be  an  interval  v/ith  left  end¬ 
point  at  zero,  so  that  P(M(E)  lu!  =  P(M(yT)  <u>.  It  is  simply  checked 
that  the  process  n ( t )  =  ^  (yt)  satisfies  the  conditions  of  t!ic 
theorem,  and  has  mean  number  of  upcrossings  per  unit  time  given  by 
“  YU,  so  that  uf|T  -»  yx.  Writing  for  the  maximum  of  the 

result  follows  at  once  since  P(M(yT)  <u}  =  p(M  (T)  «  u •  *  e-y'.  a 


-JO- 
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It  is  now  a  simple  matter  to  obtain  the  double  exponential  limiting 
law  for  M(T)  under  a  linear  normalization.  This  is  similar  to  the 
result  of  Theorem  3.5  for  normal  sequences. 


THEOREM  7 . 8  Suppose  that  the  (standardized)  stationary  normal  process 


U(t)  ;■ 

satisfies  (7.1)  and  (7.2)  (or  (7.4)). 

Then 

(7.7) 

P{aT(M(T)  -bT)  <  x}  -  exp (-e  X)  as 

•p  -►  co 

where 

a  =  (2  logT)1/2 

(7.8) 

,1/2 

bT  =  (2  1ogT)L/2  +  (log— 1^-)/(2  log  T)1/2 

PROOF 

Write  t  =  e  x  and  define 

(7.9) 

u2  =  2  (log  T  +  x  +  log(  <2/2/2-)  ) 

so  that 

=  T(>2/2/2’') 


e-u  /2  =  e- 


T  . 


Hence  (7.6)  holds.  But  it  follows  from  (7.9)  that 


f  x  +  1oC<^/2/2^)  x 


u  =  (2  log 


2  log  T 


‘log  T' 


^  +  bT  +  o(aTX) 


so  that  (7.6)  gives  P(aT<M(T)  -  bT>  +o(l)  <xi  -  e~  from  which  (7.7) 
follows  at  once.  0 


It  is  of  interest  to  note  in  passing  that  this  calculation  is  some¬ 
what  simpler  -  due  to  the  absence  of  a  log  u -term  in  (7.9),  than  the 
corresponding  calculation  in  the  discrete  case  (cf.  Theorem  1.11). 

In  the  discrete  case  we  obtained  Poisson  limiting  behaviour  for  the 
exceedances  of  a  high  level.  Corresponding  results  hold  for  the  point 
processes  of  high  level  upcrossings  under  the  conditions  of  this  chap¬ 
ter.  These  are  readily  obtained  from  the  present  extremal  theory  by 
means  of  our  familiar  point  process  convergence  theorem,  as  in  the 
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discrete  case,  resulting  in  a  number  of  interesting  consequences  con- 
cernint  local  maxima,  length  of  excursions,  etc.  Vie  will  defer  such  a 
discussion  to  Chapters  3  and  9.  However,  it  is  worth  noting  here  that 
historically  the  asymptotic  Poisson  distribution  of  the  number  of  high 
level  upcrossings  was  proved  first  (under  more  restricti-  e  conditions) 
by  Volkonski  and  Rozanov  (1961).  CramSr  (1963)  noted  the  connection 
with  the  maximum  given  e.g.  by 

(Nu(T)  =0;  =  { M (T)  <Uj  U  (Nu(T)  =0,  fJQ)  u;, 

which  led  to  the  determination  of  the  asymptotic  distribution  of  MIT), 
and  subsequent  extremal  development. 


Extremal  results  under  weaker  conditions  at  infinity 

As  already  noted,  the  above  extremal  results  may  be  generalized  by  weak¬ 
ening  of  either  (7.1)  or  (7.2).  The  weakening  of  the  "local  condition" 
(7.1)  by  allowing  ^  -  *  is  somewhat  more  complicated  and  will  be  de¬ 
scribed  in  Chapter  12.  For  a  weakening  of  (7.2)  -  describing  the  behav¬ 
iour  of  the  correlation  at  distant  points  -  we  may  proceed  by  similar 
means  to  those  used  in  the  discrete  case,  and  we  devote  the  remainder 
of  the  present  chapter  to  this,  following  Leadbetter,  Lindgren  and 
Kootz&n  (1979)  and  Mittal  (1979).  Of  course  we  cannot  expect  a  substan¬ 
tial  weakening  of  (7.2)  since  it  is  clearly  close  to  being  a  necessary 
condition . 

bet  h(t)  be  any  function  and  define 

(h)  =  f  t  €  ( 0 , T  ]  j  j  r  ( t )  ;  log  t  -*  h  ( t)  ■ 

(7.10) 

<T(h)  =  M^th))  =  Lebesgue  measure  of  f>T(h). 

By  analogy  with  the  conditions  for  discrete  time  we  will  place  restric¬ 
tions  on  the  amount  of  time  that  r(t)  ,  log  t  is  large  by  requiring 
that  there  is  some  non-increasing  function  h  with  h(t)  *  0  as 


t  t  -  such  that 
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(7.11)  (h)  =  0(T/(log  T)  f) ,  for  some  y  >  1/2, 
and  some  constant  K  >  0  such  that 

(7.12)  ?t(K)  =  0 ( T  ) ,  for  some  r  -  1. 

Obviously  the  condition  r(t)  log  t  *  0  as  t  *  r,  implies  that  „(h) 

is  empty  if  e.g.  h ( t )  =  sup,r(s),  logs,  so  that  (7.11)  is  actually 

s>t 

weaker  than  (7.2).  In  fact,  (7.11)  is  also  weaker  than  some  other  con¬ 
ditions  which  have  been  used  on  occasions.  For  example,  since 
,'q  r(t)  pdt  ^  iT  (h)  (h  (T)  /  log  T)  P  if  h  is  decreasing,  /Qr2(t)dt  '  •= 
implies  that  ;T<h)  =  0  (  ( log  T /h  (T)  )  2)  for  all  h,  so  that  (7.11)  is 

TT.  2 

indeed  weaker  than  the  condition  '  r  (t)dt  <  *,  sometimes  used  in 
the  literature. 


THEOREM  7 . 9  Let  u  =  uT  -  ■»  so  that  T„  -»  t  >  0 ,  and  suppose  r(t)  -►  0 
as  t  and  furthermore  satisfies  (7.1),  (7.11),  and  (7.12).  Then 

P{M(T)  <  u)  *  e  T  as  T  •* 

PROOF  By  Theorem  7.6  we  have  only  to  show  that  q  -  0  may  be  chosen 
so  that  qu  -  0,  and  (7.4)  holds,  i.e.  for  <  >  0, 


(7.13) 


-  £  |r(kq)|e-u2/(1+  |r(k'3)l) 

q  e <kq<T 


0. 


Let  5  (t)  =  suplr(s)|,  let  B  satisfy  0  <■  B  <  ( 1  -  6  (c  ) )  /  ( 1  +  6  (e ) )  , 

s>t  o 

and  split  the  sum  in  (7.13)  into  two  parts  at  kq  R*  T  ,  i.e.  let  Z' 

a  a 

be  the  sum  over  £  <  kq  <  T  and  Z"  the  sum  over  T“  <  kq  ^  T .  Since 


e 


-u2/2 


0 ( 1 ) /T 


we  can  estimate  7.'  simply  from  the  number  of  terms,  as  follows, 


T 

q 


1  a  |r<kq!le-u2-/<1  * 

q  £'kq<T" 

T  .  T  .  e-u2/(l  +  5  (t)  )  <  JL  t1  +  P-2/(1  +  £  (e) ) 

q  q  ■  q2 


Tl+B-2/(l+i (f ) ) 


log  T  •  0 
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if  qu  -  G  slowly  enough. 

For  the  remaining  sum  1"  we  need  a  bound  on  the  number  of  terms 
for  which  jr(kq)  j  log  kq  is  not  bounded  by  a  small  function.  Define, 
for  a  function  h, 

nT<h)  =  »■  k;  Tw<kq<T,  r(kq)  log  kq  h(kq)- 

(where  d  denotes  cardinality)  in  analogy  with  <'.„(h)  in  (7.10). 
Since  *2  <  *  and  therefore  r  has  a  bounded  derivative, 

I  r  ( t  +  h)  -  r(t)  !  <  C  !  h  i 


for  some  constant  C,  and  this  can  be  used  to  give  a  bound  for  nT(h) 
in  terms  of  !^(h/2).  In  fact,  we  will  see  that 

(7.14)  nT(h)  <  C'  (log  T/h(T) )  ?T(h/2) , 

if  T  is  large  enough.  Since,  for  t  >  kq,  ir(t)  log  t  >  (Jr(kq)  i  - 
C  1 1  -  kq  ; )  log  kq  we  have  that  if 


and 


t 


i  r  (kq)  |  log  kq 
is  such  that 
kq  <  t  <  kq  + 


>  h (kq) 


h(T) 

2C  log  T 


then 


I r (t) |  log  t  >  h(t)/2. 

Since  u  ~  *  2  logT,  h(T)/2clogT  ~  (h(T)/Cqu)  •  cj/u  •"  a  for  large 
T  if  qu  >  0  slowly  enough.  This  implies  that  for  T  large  enough, 
the  );q  which  contribute  to  nT(h)  also  contribute  disjoint  inter¬ 
vals  of  length  at  least  h(T)/2ClogT  to  ^(h/2),  and  we  get  (7.14) 
with  C'  =  2C. 

We  can  now  proceed  by  splitting  the  sum  I"  according  to  whether 

kq  ?  6,p(2K)  or  not.  Recalling  the  notation  6  ( t )  =  sup  ir(s)(,  we 

s  - 1 


have 
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T*  •  kq_7 


kq.  n~  ~  '  '  L*  r'kq)  >  <-  —  n_ ( 2K)  e~U  /(1+:(T~) 

-  q  i 


r ( ko )  e-u  ( l-2K/log  T“) 


T'  '  kq_T ,  kq£rT ( 2K) 


(where  the  *  denotes  complementation).  The  first  term  in  (7.15)  is 


bounded  by 


-  C‘  ( log  T/2K) i.„(K)0( 


1)T-2/(l+i(T-n  nocT,  3/2t1*-2/(1^  't' 


Since  -  <  1  by  (7.12)  and  ?(T~)  *  0,  this  bound  tends  to  zero  as 
T  -  *  and  qu  -  0  slowly  enough. 

The  second  term  in  (7.15)  is  bounded  by 


(7.16)  <I)VU  <i-2K/(SlogT)) 


*  T  2 'r (kq)  '  lc"3  kcI  =  Fi  ’  F2' 


say,  where  the  sum  is  extended  over  all  kq  such  that  T"  <  kq  '  T 

and  kq  €  6t(2K)*.  We  will  see  that  may  tend  slowly  to  infinity, 

but  F2  -  0  as  T  -*  *  so  that  Fj.  •  F2  -  0.  We  start  with  r2,  intro¬ 

ducing  the  function  h  that  appears  in  (7.11)  and  split  the  sum  accor¬ 
ding  to  whether  kq  €  5T<2h)  or  not,  giving 

F2  =  3  l | r  (kq)  :  log  kq 

<  f  2  +  T  1 

kq€9T(2h)«  kq£9T(2h)n9T(2K) * 


i  |  •  ~  2h(TS)  +  3 . 2Kn,_,  (2h) 

T  q  t  t 

<  2h(TS)  +  2KC '  3  (log  T/h  (T)  )  (h) 

=  2h(T3)  +  h(T)"]  (logT)1-1/2-Y(qu)  *0(1) 
=  2h(TB)  +  k (T) (qu) , 


say,  by  condition  (7.11).  Since  1/2  -  y  <  0,  we  can  deduce  that 
k(T)  ■*  0  as  T  i-  ■»,  provided  h(t)  decreases  sufficiently  slowly. 

Note  that  if  (7.11)  is  satisfied  for  some  function  h,  then  it  is  satis 
fied  for  all  functions  which  decrease  more  slowly.  We  therefore  assume 
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that  k(T)  -»  0  as  T  -»  '-® .  The  remaining  factor  in  (7 .16;  is  given 

by 

r.  -  |T,  2„-u2(1  -  2K/(2  logT)  )  1 

*1  Y  6  3  log“T  • 

2 

Using  the  fact  that  u  =2  log  T  +  0(1)  we  obtain 

F,  =  -2- j-lj-  ■  =  0(l)/(qu)2. 
q  log  T 

Thus,  for  some  C  >  0, 


F ,  •  F„  <  +  — 1  • 

1  *  “  1  2,2  qu  J 


Since  k  (T)  does  not  depend  on  the  choice  of  q  we  may  choose  qu  -*  0 
sufficiently  slowly  so  that  both  terms  tend  to  zero,  which  completes 
the  proof  of  the  theorem.  □ 


REMARK  7.10  As  in  discrete  time,  one  would  be  inclined  to  consider  a 
condition  like 

(7.17)  a  1  |r(kq),  logkq  eYlr(k^l  logk^  0 

TS<kq<T 

as  T  -*  ®,  for  some  £s  <  1,  y  >  2  which  in  fact  can  replace  (7.11). 
However,  (7.17)  contains  the  somewhat  arbitrary  spacing  q,  and  a  more 
natural  condition  for  a  continuous  time  process  would  restrict  the 
size  of 


T 

I 

1 


]  r  (t)  |  log  t  e 


•y  i  r  ( t )  |  log  t 


dt . 


However,  it  is  not  clear  how  this  migr.t  be  done,  in  relation  to  (7.17). 
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CHAPTER  8 


POINT  PROCESSES  OF  UPCROSSINGS 


The  extremal  theory  of  normal  processes,  as  developed  in  Chapter  7,  is 
based  mainly  on  the  asymptotic  independence  of  maxima  over  several  se¬ 
parate  intervals  of  constant  length,  and  on  the  form  of  the  tail  distri¬ 
bution  of  the  maximum  over  one  such  interval.  In  the  proofs  in  Chapter  7 
we  made  use  of  upcrossings,  and  of  the  obvious  fact  that  the  maximum  ex¬ 
ceeds  u  if  there  is  at  least  one  upcrossing  of  the  level  u.  However, 
as  was  seen  already  in  Chapter  4,  upcrossings  have  an  interest  in  their 
own  right,  and  as  we  shall  see  here,  in  this  continuous  time  setting, 
they  contain  considerable  information  about  the  local  structure  of  the 
process . 

This  chapter  is  devoted  to  the  asymptotic  Poisson  character  of  the 
point  process  formed  by  the  upcrossings  of  increasingly  high  levels, 
and  indeed,  this  requires  only  little  more  than  is  needed  to  obtain  the 
much  weaker  results  of  Chapter  7.  In  our  derivation  we  shall  make  sub¬ 
stantial  use  of  the  regularity  condition  X ^  which  implies  that 

the  upcrossings  do  not  "appear  in  clusters"  and  remain  separated  as  the 
level  increases.  In  fact.  Theorems  6.7  and  6.5  imply  that  there  are  on¬ 
ly  a  finite  number  of  u-points  in  finite  intervals.  Similar  resluts 
will  be  established  in  Chapter  12,  for  the  case  =  with  regular 

upcrossings  replaced  by  so  called  c-upcrossings . 

We  shall  first  prove  asymptotic  independence  of  the  maxima  over  dis¬ 
joint  intervals,  and  then  use  this  result  to  prove  that  the  point  pro¬ 
cesses  of  upcrossings  of  several  simultaneously  increasing  levels  tend 
in  distribution  to  a  sequence  of  successively  thinned  Poisson  processes. 

In  the  case  of  a  finite  fourth  spectral  moment  this  will  eventually, 
in  Chapter  9,  give  the  joint  distribution  of  heights  and  locations  of 
the  highest  local  maxima. 


-17- 


Poisson  convergence  of  upcrossinqs 


Corresponding  to  each  level  u  we  have  defined 


(u)  = 


xj/2  e-U  ^2  to  be  the  mean  number  of  u-upcrossings  per  time  unit, 


and,  as  in  Chapter  7,  we  consider  T  =  T(u)  such  that  T., 


as 


u  -*  where  i  >  0  is  a  fixed  number.  Let  NT  be  the  time-normalized 
point  process  of  u-upcrossings,  defined  by 


W*(B)  =  n^CTB)  =  tt\ u-upcrossings  by  £(t);  t/T  £  B } , 

for  any  real  Borel  set  B,  i.e.  N*  has  a  point  at  t  if  ■,  has  a  u- 
upcrossing  at  tT .  Note  that  we  define  N*  as  a  point  process  on  the 
entire  real  line,  and  that  the  only  significance  of  the  time  T  is  that 
of  an  appropriate  scaling  factor.  This  is  a  slight  shift  in  emphasis 
from  Chapter  7,  where  we  considered  u^,  =  x/aT  +  b^,  as  a  height  norma¬ 
lization  for  the  maximum  over  the  increasing  time  interval  (0,T). 

Let  N  be  a  Poisson  process  on  the  real  line  with  intensity  t.  To 
prove  point  process  convergence  under  suitable  conditions,  we  need  to 
prove  different  forms  of  asymptotic  independence  of  maxima  over  disjoint 
intervals.  For  the  one-level  result,  that  converges  in  distribution 

to  N,  we  need  only  the  following  partial  independence. 


LEMMA  8 ■ 1  Let  a  =  a^  <  bx  <  a2  <  . . .  <  ar  <  br  =  b  be  fixed  numbers ,  Ei  = 
(Ta^Tb.),  and  M( E^)  =  sup(C(t);  Ta.^  <  t  <  Tb^i.  Then,  under  the  con¬ 
ditions  of  Tneorem  7.6, 

p(  n  (M(E.)  <  u)  )  -  n  p{M(E . )  <u}-0 
'i  =  l  1  "  '  i=l 

as  u  TU  -*■  t  >  0. 

PROOF  The  proof  is  similar  to  that  of  Lemmas  7.4  and  7.5.  Recall  the 

construction  in  Lemma  7.4,  and  divide  the  real  line  into  intervals 

...  ,  1^  X*,  I2,  ...  of  lengths  h-c  and  e,  alternately.  We  can 

then  approximate  M(E^)  by  the  maximum  on  the  parts  of  the  separated 

intervals  I,,  which  are  contained  in  .  Write  n  for  the  number  of 

r 

I*'s  which  have  non-empty  intersection  with  u  E . .  We  at  once  obtain 
k  i=l  1 
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o  <  n^ifitu  iknE.)  <  u}j  -  p^n  {M(Ei)  <  u}j 


<  n  P{M(I1)  >  u; , 


where  (writing 


n~h  x  I  |E . 
i=l  1 


-or  the  length  of  an  interval  E) , 


Since  Lemma  7 . 2 ( i )  implies  that 

lim  sup  u  1P(M(I*)  >u}<£. 


U-»oo 

we  therefore  have 


(8 


,1)  lim  sup  j  p(  n  (M(U  I.  (IE  |  <uj)  -  p(  n  {M  (E .  )  <u}')| 
u-®  1  vi=l  k  K  1  “  /  \i=l  1  -  /! 


<  Te  (b  -  a) 
h 

Now,  let  q  0  as  u  ■+•  °°  so  that  qu -*•  0  .  The  discrete  approximation  of 

maxima  in  terms  of  5(jq),  jq  £  U  I.  HE.  is  then  obtained  as  in  Lemma 

k  K  1 

7 . 4  ( ii)  .  In  fact,  since  there  are  n+6  intervals  I  which  intersect 
(wnere  j  6  j  <  r)  ,  we  have 

(8.2)  o<p(  n  { c  ( jq)  <u,  jqeu  i.  fiE.l)  -  p(  n  m(u  r,  he.)  <  u}) 

\i=l  ■  k  K  1  /  'i=l  k  K  1  "  ) 

<  E(P(£(jq)  <U,  jq€IknE.}  -  PlMI^HE.)  <u}) 


=  (n+6)o(u)  =  o(l)  ,  as  u-*-“. 


by  Lemma  7 . 3 ( i i )  . 

Furthermore, 

(8.3)  p(  n  U (jq)  < U,  jq  €  U  I. n  E.  A  -  n  y.  -  0 
'i=l  k  k  1  /  i=i 1 

where  y^  =  n  ?(£(jq)  <  u,  jqei^nE^),  the  proof  this  time  being  a  re¬ 
phrasing  of  the  proof  of  Lemma  7.5(i). 

By  combining  (8.1),  (8.2),  and  (8.3)  we  obtain 
/  r  v  r 

lim  sup  |  PI  n  {fi(E. )  <  u)  )  -  ji  y  I  <  111^  ~  a). 
n-»  'i=l  1  "  /  i=i  1  "  h 

and  in  particular,  for  i=l,  ...,  r, 
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lim  sup  |  P  { M  (E  ^ )  <  u:  -  y-J  <  — 


Te (b  -  a) 


Hence,  writing  =  Pi'M(E^)  <ui,  we  have 

'  r  .  \  r 

lim  sup  |  P[  n  •  II  (E  .  )  <  u  ;  I  -  ~  P;M  (E  .  )  '  u  }  j 
u  » «°  '  i=l  1  i=l 

,  ’ c-  ( b  -  a ) 


r  r 

+  lim  sup  1  r  y .  -  ~  x . 
u  ->  “=  i=l  1  i=l 


But,  with  z  = 

max  . y .  - 
J  1 

1 

XjJ  (so  that 

lim  sup  z  <  c 

t (b  -  a)/h) , 

r 

r 

r 

r 

V.  y.  - 

•  ;i  x.  < 

7  (x .  +  z )  - 

7  x  .  <■  r  z , 

i=l  1 

i=i 1  - 

i=l  1 

i=l  1  - 

with  a  similar 

hence 

relation 

r 

holding  with 

r 

y .  and  x . 
n  1 

interchanged,  and 

lim  sup 

U  ,  oc 

^  ' 

'•  v  <  — 

i=l  1 

(b  -  a) 
h 

Since  t  is  arbitrary,  we  have  proved  the  conclusion  of  the  lemma.  □ 

1  1/2  -u^/2 

THEOREM  8  ■  2  Let  u  -  «°  and  T  ~  t/u  ,  where  y  =  ^  \  '  e  ,  and  sup¬ 

pose  r(t)  satisfies  (7.1)  and  (7.2)  (or  the  weaker  condition  (7.4)). 
Then  the  time-normalized  point  process  N£  of  u-upcrossings  converges 
in  distribution  to  a  Poisson  process  with  intensity  t . 


PROOF  By  the  basic  convergence  theorem  for  simple  point  processes. 
Theorem  A.l  (see  Appendix  to  Part  I),  it  is  sufficient  to  show  that. 


as  u  *  00 , 


(a)  E(N*((a,  b]))-*E(N((a,  bl))=t(b-a)  for  all  a<b. 


and 

~Tli=l(bi  "  ai’ 

(b)  P(N^(B)  =  0}  -  PfN(B)  =  0)  =  e  1X1  for  all  sets  B  of  the 

r 

form  U  (ai>  b^  ] ,  a1  <■  b^  <  . .  .  <  ar  <  br  . 


Here,  part  (a)  is  trivially  satisfied,  since 


E(N^((a,  b]) )  = E(Nu(Ta,  Tb])  =  Ty (b  -  a)  -  t (b  -  a)  . 


For  part  (b) ,  we  have  for  the  u-upcrossings 
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pfN*  (B)  =  0}  =  pf  n  (N*  ( (ai ,  bil)  =  0} )  =  pf  _fWNu<E  . )  =  0  •  j, 

where  E^  =  (Ta^,  Tb^].  Now  it  is  easy  to  see  that  we  can  work  with 
maxima  instead  of  crossings,  since 

0  <  pf  0  {N,  (E. )  =  0})  -  pf  0  {M(E. )  <  U/) 

-  \i=l  u  L  /  \i=l  1  “  > 

=  pf  n  {N  (E. )  = 0}  n  U  !M(E. )  >  u}) 
vi=l  1  i=l  1  ' 

r 

<  Z  P{£(Ta.)  >  u}  -*  0  as  u  -*• 

~  i=l  1 

and  since  furthermore  Corollary  7.7  and  Lemma  8.1  imply  that 

/  r  \  r  r  -i(b.  -  a.) 

11m  P(  n  { M  ( E  ± )  <  u)l  =  lim  Hp{M(E.)<u}=  He 
u-*  '1=1  '  i=l  i=l 

we  have  proved  part  (b) . 


One  immediate  consequence  of  the  distributional  convergence  of  N  , 
is  the  asymptotic  Poisson  distribution  of  the  number  of  u-upcrossings 
in  increasing  Borel  sets  T • B .  Since  this  is  an  important  result  we 
formulate  it  as  a  corollary. 


COROLLARY  8 . 3  Under  the  conditions  of  Theorem  8.2,  if  B  is  any  Borel 
set  whose  boundary  has  Lebesgue  measure  zero,  then 

(8.4)  P{N*(B)  =  r  }  -  e‘TiB| ( t | B | ) r/r  I  ,  r  =  0,  1,  ...  , 

as  u  ■*  ”,  where  [ B  j  is  the  Lebesgue  measure  of  B.  The  joint  distri¬ 
bution  of  NlJdB^  ,  ...»  N*(Bn)  corresponding  to  disjoint  B ^  (with 
boundaries  which  have  Lebesgue  measure  zero)  converges  to  the  product 
of  the  corresponding  Poisson  probabilities.  o 


Full  independence  of  maxima  in  disjoint  intervals 

A  topic  of  some  interest,  which  we  have  not  touched  upon  yet,  is  the 
relationship  between  tne  intensity  t  and  the  neight  u  of  a  level 
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for  which  T. 


t.  If  T  =  -/_  =  T2-'21/2e'J  /2  we  have 


.  log-  -  log(2-/'.^/2K 
u2  =  2  log  T(l - - ) 


(8.5)  u  =  (2  log  T) 


log-  -  log  (2-/>2/2) 
(2  log  T)  1/2 


>(  (log  T)‘1/2) 


However,  any  level  which  differs  from  u  by  c((logT)  '  i)  will  do 
equally  well  in  Theorem  8.2,  and  it  is  often  convenient  to  use  the 
level  ODtained  by  deleting  the  last  term  in  (8.5)  entirely.  (The  reader 
should  check  that  also  for  this  choice  the  relation  T_  - r 


holds.)  If  we  write 


(8.6)  u.  =  (2  log  T) 


we  have,  for  x  >  x*  >  0, 


log-  +  log  (  2-/X ^'/2) 


(2  log  T) 


u.«  -  u  = 


'  ( 2  log  T)  '  t 

so  that  levels  corresponding  to  different  intensities  t,  t  *  (under  the 
same  time-normalization  T)  become  increasingly  close  to  each  other,  the 
difference  being  of  the  order  1/u. .  Note  that  (8.7)  holds  for  any 
uT«,  uT  which  satisfy  Tt(u.,)  -  Tu(uJ  -  t,  and  not  only  for  the 
particular  choice  (8.6). 


,,  let  u(1)  >u(2) 


>  .  .  .  >  u 


be  r  levels  such  that  the  point 


processes  of  upcrossings  are  asymptotically  Poisson  with  intensities 
0<T^<'r2-*',-tr  under  one  and  the  same  time-normalization,  i.e. 


,i=l,...,r  as  u 


*.  We  shall  prove  the  full  as¬ 


ymptotic  independence  of  maxima  in  disjoint  increasing  intervals  under 
the  conditions  (7.1)  and  (7.2)  (or  condition  (7.4)  with  u  replaced  by 
u(r))  i.e. 

(8.8)  1  I  ;r(kq)  e-(u(r,)2/(1  +  lr<ktJ):>  -  0 

q 

for  each  c  >  0,  and  some  q  -  0  such  that  u^r'q  -  0. 
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THEOREU  3.4  Let  u(1)  >u(2) 


Or) 


’,  and  suppose 


0. 


Suppose  that  r(t)  satisfies  (7.1),  and  either  (7.2)  or  the  weaker  con¬ 
dition  (8.8)  .  Then,  for  any  0<a=a<b<a-*r...<a  <  b  =b, 

1  11-2  -  s  s 


(Ei  =  (Tai , Tbi ] )  , 


e  -  2  t ! (b.  -  a. ) 

/  S  \  ..111 

(3.9)  P'^n  (M(Ei)  <uT(i>j  -  e  1_i 

where  each  u„  .  is  one  of  u^  ,  ...,u^r*  and  Tu  (u_  .) 

J-  /  1  -I  »  1 

PROOF  For  proof  it  is  enough  to  check  that 

s  \  s 


t  £>  \  S 

n  {  h  (  e  , )  <u_  .})  -  n  p  t  m  (  e  . )  <  u_  j 

'i=l  1  >  i=i  1  1(1 


o. 


and  this  goes  step  by  step  as  the  proof  of  Lemma  8.1,  with  u  replaced 
by  appropriate  u_,  . .  We  only  have  to  make  sure  that  one  can  use  the 
same  grid  in  the  discrete  approximation  for  each  level  u(i*,  and  this 
is  easy,  since  (8.7)  implies  that  u^q-u^q  -*■  0  under  the  stated 
conditions,  so  that  u^q  -*  0  if  u^r'q  -  0,  (cf.  the  proof  of  Theo¬ 
rem  4.9).  a 


Upcrossings  of  several  adjacent  levels 

The  Poisson  convergence  theorem.  Theorem  8.2,  implies  that  any  of  the 
time-normalized  point  processes  of  upcrossings  of  levels  u^  >  ...  >u^r* 
are  asymptotically  Poisson  if  Tu(u*i!)  ■+  x  >  0  as  T,  u(i)  *  ».  We 
shall  now  investigate  the  dependence  between  these  point  processes, 
following  similar  lines  to  those  in  Chapter  4. 

To  describe  this  dependence  we  shall  represent  the  upcrossings  as 
points  in  the  plane,  rather  than  on  the  line,  letting  the  upcrossings 
of  the  level  u^  define  a  point  process  on  a  fixed  line  as  was 

done  in  Chapter  4.  However,  for  the  normal  process  treated  in  this 


chapter  the  irr.es  b^,  car.  chaser,  t:  nave  a  very  s:r;,.a  re¬ 

lation  to  the  process  itself  ny  ;-i fixing  the  process 

h _  ft)  -  a_(-'(tTj  -  b._  , 

where  tine  has  been  normalize-.:  by  a  factor  T  and  hoigr.t  .oy 
a„  =  (2  lorn  T)  i/‘: 

b^  =  (2  1og7;1/2  ^  log  ■  >2/2/2r)/(2  log  T;*/2 
as  usual. 

Now,  'ft;  =  x  if  and  only  if  ,(tT)  =  x/a_  +  b„,  and  clearly  the 
mean  number  of  upcrossings  of  the  level  x  by  r,„(t)  in  an  interval 
of  lengtn  h  is  equal  to  jy  exp (- (x/a_  -  b^) 2/2)  ,  which  by  (8.6) 

equals  n:(l  +o(l))  as  7  ■»  witn  *  =  e  X-  Therefore,  let  lX2 
>  ...  'X  be  a  set  of  fixed  numbers,  defining  horizontal  lines  L. ,  L,, 
...,  ,  and  consider  the  point  process  in  the  plane  formed  by  the  up- 

crossings  of  any  of  these  lines  by  the  process  -',„(t Here  the  depen¬ 
dence  between  points  on  different  lines  is  not  quite  as  simple  as  it 
was  in  Chapter  4,  since,  unlike  an  exceedance,  an  upcrossing  of  a  high 
level  is  not  an  upcrossing  of  a  lower  level  and  there  it, ay  in  fact  even 
be  more  upcrossings  of  the  higher  than  of  the  lower  level;  see  the  fol¬ 
lowing  diagram,  which  shows  the  relation  between  the  upcrossings  of  le¬ 
vels  u(i)  =  x .  /a,„  +  b„  oy  '(t),  and  of  levels  x.  by  '  _(ti.  As  is 
seen,  local  irregularities  in  the  process  i(t)  can  cause  the  appear¬ 
ance  of  extra  upcrossings  of  a  high  level,  not  present  in  the  lower  ones. 
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Let  N,*  denote  the  point  process  in  the  .  formed  by  the  upcross- 

inas  of  the  fixed  levels  x.  x  ^  by  the  process  r  ^  ft)  = 


e,^  (  •,  { tT )  a  n  .  . 1  - 

N i, 1 5  ,  .  .  .  ,  NL,r  1  ,  so  that 

T  '  T 


:>■  t s  on  t. (.•  s o  ✓  urate.-  I  i‘»os 


N*(B)  *  # ; upeross inq s  in  b  of  L ^ , 


by  T(tj 


::  n'11  (b  n  l.)  , 
1  =  1  1  1 


for  arbitrary  Borel  sets  B  £  R* 


We  shall  now  prove  that  N*  converges  in  distribution  to  a  point 
process  N  in  the  plane,  which  is  of  a  type  already  encountered  in  con¬ 
nection  with  exceedances  in  Chapter  4.  The  points  of  h"  are  concentrated 
on  the  lines  L^,  ....  L^  and  its  distribution  is  determined  by  the  joint 

distributions  of  its  components  N*1*,  on  the  separate  lines 

L.  ,  .  .  .  ,  L  . 

1  r 

Let ,  as  in  Chapter  4,  f c.  . ;  j  =  l,2,  ...}  be  the  points  of  a  Poisson 
(r)  -xr 

process  N  with  parameter  xr  =  e  on  L^.  Let  Bj,  j  =  l,  2,  ... 

(  r  ) 

be  i.i.d.  random  variables,  independent  of  Nv  ,  with  distribution  de¬ 
fined  by 


P {  £  j  =  s  }  =  (Tr_s+1-  W/V  s  =  1'  r"1' 


=  Ti/Tr'  s  =  r , 

so  that  P{ 6 ^  >  s}  =  Tr_s  +  ^/Tr  f°r  S  =  1 ,  2,  .  .  .  ,  r. 

Construct  the  processes  N^r  ^  ,  .  ..,N^  by  placing  points  s_., 

*•  J 

o-.,...,o0-  on  the  6.-1  lines  L_  Lv  ,  , , ,  vertically  above 

-3  j  j  r-i  +  i 

0^^,  j=l,  2,  ,  and  finally  define  N  to  be  the  sum  of  the  r  pro¬ 

cesses  N( ,  . . .  ,  N (r)  . 


As  before,  each  Nv  is  Poisson  on  ,  since  it  is  obtained  from 
the  Poisson  process  by  independent  deletion  of  points,  with  de¬ 

letion  probability  1  -  P{ 6  .  > r  -  k  +  1)  =  1  -  t,  /x  ,  and  it  has  intensity 

J  ”  k  r 


Tr(Tk//Tr)  =  T  k  •  Furthermore,  Nvkj  is  obtained  from  \(rC+1)  by  a  bi¬ 
nomial  thinning,  with  deletion  probability  1  -  O^k+l  •  Of  course,  N 
itself  is  not  Poisson  in  the  plane. 


by  a  bi- 


~  "J  - 


When  proving  the  main  result,  that  N*  tends  in  distribution  t-  S, 
we  need  to  show  that  asymptotically,  there  are  not  more  upcrossings  of 
a  higher  than  of  a  lower  level.  With  a  convenient  abuse  of  notati  r.,  writ*- 
^  (I)  for  the  number  of  points  of  with  time-coordinate  in  I. 

LEMMA  8 . 5  Suppose  xj<  anci  consider  the  point  processes  N^,lf  and 

of  upcrossings  by  ;,^,(t)  of  the  levels  x^  and  x^,  respectively 
Under  the  conditions  of  Theorem  8.2, 

P(N,<1)  (I)  >  (I)  }  -  0 


as  T  -*  <»,  for  any  bounded  interval  I. 

PROOF  By  stationarity  it  is  sufficient  to  prove  the  lemma  for  I  =  (0,1) 
k-1  k 

Let  =  ( — jj—  r  k  =  1 ,  . . . ,  n ,  for  fixed  n  and  recall  the  notation 

■* .  Since,  by  Theorem  6.7  all  crossings 

(I)  implies  that  one  of  the  events 

or 


(8.6)  :  uT  =  x  ,/aT  +  bT,  ' ^  =  e 

^  (if 

are  strict,  the  event  ‘  (I) 

^  lr  T 

U  U  (— )  >  u.  } 

i _ n  n  r  . 


U  fni,1’  (I.  )  >  2) 
k=l  r  K 

occurs,  so  that  Boole's  inequality  and  stationarity  give 


PiNi,1’  (I)  >  N*  j)  (I)  i  <  E  P(  U— )  >  u  !  +  E  pfNi,11  (I  )  >  2) 
T  T  "k  =  0  n  k=l  T  k  _ 

=  (n  +  1)P<  ',(0)  >  u.  ;  tnP'N^Cj)  '  2  ■. 
Obviously,  (n  +  l)P(r.(0)  •  ui  i  -»  0  ,  while  by  Corollary  3.3, 

j 

-t  /n  t  -t./n 


p{N^,i5  (i1)  >  2}  -  1  -  e  l'  -  e  X' 


which  implies 

(i)  mi  -T,/n  t,  -T,/n 

lim  sup  PfN,!1'  (I)  >  re3'  (I)  )  <  n(l  -  e  1  -  —  e  1  ). 

T-®  T  T  -  n 
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Si  nee  n  is  arbitrary  and 


as  n  -  *■  (t  >  0)  ,  this  proves  the  lemma. 


c 


THEOREM  3 . 6  Suppose  that  r(t)  satisfies  (7.1)  and  (7.2)  (or,  more 

generally  (8.8) ),  let  * ,  <  -  ^  '  . .  .  <  be  real  positive  numbers,  and 

let  N*  be  the  point  process  of  uperossings  of  the  levels  >  . . . 

-x 

■xr  (t^  =  e  x)  by  the  normalized  process  T  ( t )  =aT(-l(tT)  -bT)  re¬ 
presented  on  the  lines  ,  ...,  Lr-  Then,  as  T  ■*  *,  N*  tends  in 

distribution  to  the  point  process  N'  in  the  plane,  described  above,  with 
points  on  the  horizontal  lines  ,  i  =1,  ...,  r,  generated  by  a  Poisson 

(  -jr  ) 

process  N  on  Lr  with  intensity  t r ,  and  a  sequence  of  successive 

(k) 

binomial  thinnings  N  with  deletion  probabilities  1 
k  =  1 ,  . . . ,  r-1 . 

PROOF  This  follows  similar »lines  as  the  proof  of  Theorem  4.11,  in  that 
one  has  to  show  that 

(a)  E(N* (B) )  -  E(N(B) )  for  all  sets  B  of  the  form  (a,  b]  *  (a,  8  ]  , 
0<a<b,  a  <  8 ,  and 

(b)  P{N*(B)  =  0 }  <P(N  (B)  =0}  for  all  sets  B  which  are  finite  unions 
of  disjoint  sets  of  this  form. 

Here,  if  B =  (a,  b ]  *  (a,  8  ]  and  (a,  8]  contains  exactly  the  lines 
Ls . Lt' 

E(N*(B))  =e(  Z  (  (a ,  b  ]  ))  =  l  T ( b  -  a)  u  ( u (k) )  -  (b  -  a)  Z  t . 

T  Vk=s  T  '  k=s  k=s 

=  E  (N(B) ) 


so  that  (a)  is  satisfied. 

To  prove  (b) ,  as  in  the  proof  of  Theorem  4.11  write  B  in  the  form 


m 

B»  U  c 
k«l 


). 
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where  (a^/b^]  and  (a.,b;]  are  disjoint  for  k  *  l.  For  each  k,  iet 

m,  be  the  index  of  the  lowest  L.  that  intersects  C,  ,  i.e. 

k  J  fm.  ) 

L  n  c,  *  0,  L  .  n  C,  =  0  for  j  >  m,  .  Then  clearly,  if  N  K  { (a,  ,b.  j >  =  0 
K  3  ^  ^  *■  K  K. 

then  either  NT(C^)  =0  or  there  is  an  index  i  < such  that 

( (a^.b^l )  > 0,  i.e.  in  (a^,b^l  there  are  more  upcrossings  of  a 

higher  than  of  a  lower  level.  Since  obviously  N  (C.  )  =0  incites 
(m  )  T  K 

nt  ((«k,bkJ)  =0, 


/  m  (mk)  \ 
0  -  \n=1{NT  ((ak'bk^  =°;j 


Pi'NT(B)  =0;  -  0, 


since  the  difference  is  bounded  by  the  probability  that  some  higher 
level  has  more  upcrossings  than  a  lower  one,  which  tends  to  zero  by 
Lemma  8.5. 


{NT  <(ak'  bk!)  =  0ln{W  -*mk}  =  (M((Tak,Tbk])  lu^: 
where  uT,k = x  /aT +  bT,  so  that  Theorem  8.4  implies  that 


/  m  (m.  )  \  ,  m 

lim  Pi  n  {N  ((a,  ,  b.  ])  =  0}  =  lim  P  n  (M[(Tav,Tb 
T+«  'k=l  K  1  t-«  V'k=l  K 


k])  1  UT , k ) 


_  ™  -Tk(bk-ak> 
-  e 


where  t*  =  x  =  e 
k  mk 


.  Clearly  this  is  just  P { N ( B )  =0},  and  thus 


the  proof  of  part  (b)  is  complete. 


COROLLARY  8 . 7  Let  (t(t)  )  satisfy  the  conditions  of  Theorem  8.6, 
and  let  B^,  B^,  be  real  Borel  sets,  whose  boundaries  have  Lebesgue 

measure  zero.  Then,  for  integers  , 

PCN^k)  (Bj)  =  m<k)  ,  j  =  1,  ...,  s,  k  =  1 ,  . .  . ,  r } 

-  P{N(k)  (Bj)  =  m^k)  ,  j  =  1,  . . . ,  s,  k  =  1 . . } . 

For  example,  for  disjoint  Bx  and  B2, 
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CHAPTER  9 

LOCATION  OF  MAXIMA 


So  far,  we  have  examined  the  extremal  properties  of  a  continuous  process 
^(t)  by  sections  at  certain  (increasing)  levels.  Even  if  this  gives 
perfect  information  about  the  height  of  the  global  maximum  of  the  pro¬ 
cess,  it  does  not  directly  tell  us  where  this  maximum  occurs  or  how  it 
is  related  to  possible  lower  local  maxima. 

The  maximum  of  5(t),  0  <  t  <  T,  is  certainly  attained  at  some  point 
in  [0,T].  However,  the  maximum  level  may  be  reached  many  times,  or 
even  infinitely  often.  But  there  will  —  by  continuity  of  5(t)  —  be  a 
first  occasion  on  which  £{t)  attains  its  maximum  in  [0,T],  and  we 
denote  this  by  L(T). 

We  state  tne  first  result  concerning  L(T)  as  a  lemma,  though  it  is 
rather  obvious. 

LEMMA  9.1  L(T)  is  a  r.v.  For  0  <  t  <  T,  P{L(T)  <t}  = 

=  P  { M  ( 0 ,  t )  >M(t,T)  }. 

PROOF  Both  statements  follow  from  the  equivalence  of  the  events 
{ L ( T )  < t)  and  (M(0,t)  >M(t,T)},  the  latter  being  measurable  since 
M(0,t)  and  M(t,T)  are  r.v.'s.  □ 

The  distrioution  of  L(T)  can  have  a  jump  at  0  end  at  T  as 
simple  examples  (such  as  the  process  £(t)  =  A  cos  (t-$)  with  T  <  2m) 
show.  However,  a  simple  condition  precludes  the  possibility  of  any 
other  jumps  in  the  distribution  of  L(T),  and  this  is  generally  satis¬ 
fied  except  in  "degenerate"  or  "deterministic"  cases. 

Specifically  we  will  say  that  v(t)  has  a  derivative  in  i-rolabili  f. 
at  tg  if  there  exists  a  r.v.  n  such  that 
+h)  -  c(tfl) 

- -  -»  n  in  probability  as  h  -»  0. 

Clearly  if  £;  has  a  q.m.  or  probability-one  derivative,  it  has  a  de¬ 
rivative  in  probability  (with  the  same  value) . 


THEOREM  9 . 2  Suppose  that  (t)  has  a  derivative  in  probability  at  t 
(where  0  t  -  T)  ,  and  tnat  the  distribution  of  this  derivative  is 
continuous  at  zero.  Then  Pr;L(T)  =  tj  =  0. 


PROOF 


Let  n  denote  the  derivative  in  probability  at 

( L  ( T )  =ti  c  <  0]  n 

-h  -  h 


t. 

+  h) 


Clearly 

>  Of 


for  all  h  >  0  such  that  0  <  t  -  h  and  t  +  h  <  T. 

Now  (%(t+h)  -  £(t))/h  ■*  n  in  probability  as  h  i  0  and  there 
exists  a  sequence  {hnJ  such  that  (S(t+hn)  -  £((t))/hh  -*■  g  with  prob¬ 
ability  one.  By  considering  a  subsequence  of  {h  }  we  may  also  arrange 
that  (£(t-hn)  -  £(t))/(-h  )  ■+  n  with  probability  one,  i.e.  on  a  set 
B  with  P ( B )  =  1.  We  see  that  n  =  0  on  { L ( T)  = t)  n  B,  i.e. 

{ L (T)  =  t }  n  Be  (n  =  0;  and  hence 

P{  L  (T)  =  t)  <  P  (  { L  ( T )  =  t ;  f)  B)  +  P(BC)  <  P  { n  =01  +  P(BC)  =  0, 


when  n  has  a  continuous  distribution. 


o 


Turning  to  stationary  processes,  one  may  be  tempted  to  conjecture 
that  if  f (t)  is  stationary,  then  L(T)  is  uniformly  distributed 
over  ( 0 , T) .  For  example  this  is  so  if  C(t)  =  A  cos  (t-$),  with  $ 
uniformly  distributed  over  ( 0 , 2tt  } ,  for  T  =  2n .  (If  A  is  Rayleigh 
distributed  and  independent  of  $ ,  £(t)  of  course  is  normal.) 

If  T  <  2n ,  there  is  a  positive  probability  of  L  being  0  or  T, 
and  L (T )  is  not  strictly  uniform.  However,  its  distribution  is  still 
uniform  between  0  and  T  as  a  simple  calculation  shows. 

In  general,  however,  L  need  not  be  uniform  in  the  open  interval 
(0,T),  not  even  if  £(t)  is  normal  and  stationary.  As  an  example  of 
this,  let  <t> 2'  A^,  and  A?  be  independent,  with  and  <J>2  uni¬ 

form  over  ( 0 , 2 tt  3 ,  and  witn  A^  and  A^  Rayleigh  distributed,  and  put 
5  (t)  =  A^  cos  (t  -  j>^)  +  A2  cos  (lOOt  -  <J>2)  .  Then  £  (t)  is  a  stationary 
normal  process,  and  (e.g.  by  drawing  a  picture)  it  can  be  seen  that  if 
A^  <  A2»  t  (3t/2,2tJ,  and  <J>2  £  (u/4,3tt/4)  then  the  maximum  of 


(t)  over  [0,-/2]  is  attained  in  the  interval  (0,t/100].  Hence 
p{L(r/2)  <  n/100  t  >  P{Al  <  A2,  3~/2  '  ^  <  2- ,  n/4  <  <  3t/4 }  = 

=  (1/2)  (1/4)  (1/4)  =  1/32  >  1/50  =  <r/100)/(-/2) ,  and  L("/2)  can  not 
be  uniform  over  (0,tt/2). 

However,  for  a  stationary  normal  process  the  distribution  of  L  is 
always  symmetric  in  the  entire  interval  [0,T],  and  possible  jumps  at 
0  and  T  are  equal  in  magnitude.  This  follows  from  the  reversibility 
of  a  stationary  normal  process  in  the  sense  that  {£(-tl }  has  the  same 
distribution  as  (£(t)}. 

One  method  of  removing  boundaries,  like  0  and  T,  is  to  let  them 
disappear  to  infinity,  and  one  may  ask  whether  L  =  L(T)  might  be  as¬ 
ymptotically  uniform  as  T  -  «>.  For  normal  processes,  this  is  a  simple 
consequence  of  the  asymptotic  independence  of  maxima  over  disjoint  in¬ 
tervals,  as  was  previously  mentioned.  We  state  these  results  here,  as 
simple  consequences  of  Theorem  8.4. 

THEOREM  9 ■ 3  Let  (£(t)}  be  a  stationary  normal  process  (standardized 
as  usual)  with  x ,  and  suppose  that  r(t)  log  t  ■+  0  as  t  -*•  ». 

Then, 

P { L  (T)  <  IT }  -*  j l  as  T  -  »  ( 0  <  2.  <  1 )  . 

PROOF  With  the  usual  notation,  if  0  <  l  <  1 ,  l*  =  1  -  i ,  and 
XT  =  a£T  (M  ( 0 ,  J.T)  -b4T), 

Yt  =  aw(M(W,T)  ' 

where  a's  and  b's  are  given  by  (7.8),  then 
P{XT<x,  YT<y)  -  exp{ -e  x  -  e~y) 

(x>0,  y>0)  as  T  •*  *>.  Furthermore 
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where  a.,T/a;7  *  1  and  a,T  (b,  „T  -  b;T)  -  log  (.'*/•  >  .  As  T  tr.o 

above  probability  tends  to 

P f  X  -  Y  >  log  “*/■  1 

where  X  and  Y  are  independent  r.v.'s  with  common  d.f.  ex;,(-e  x) , 
and  an  evaluation  o£  this  probability  yields  the  desired  value 


height  and  location  of  local  maxima 

One  consequence  of  Theorem  9.3  is  that  asymptotically  the  global  maxi¬ 
mum  is  attained  in  the  interior  (0,T)  and  thus  also  is  a  local  maximum 
For  sufficiently  regular  processes  one  might  consider  also  smaller,  but 
still  high,  looal  maxima,  which  are  separated  from  L(T). 

We  first  turn  our  attention  to  continuously  differentiable  normal 
processes  which  are  twice  differentiable  in  quadratic  mean. 

In  analogy  to  the  development  in  Chapter  4,  we  shall  consider  the 
point  process  in  the  plane,  which  is  formed  by  the  suitably  transformed 
local  maxima  of  £(t).  (Note  that  since  the  process  ;(t)  is  continuous 

the  path  of  aT(^(t)  -  bT)  is  also  continuous,  and  although  its  visits 

2 

to  any  bounded  rectangle  B  c  R  are  approximately  Poisson  in  number, 
they  are  certainly  not  points.) 

Suppose  £(t),  0  <  t  <  T  has  local  maxima  at  the  points  s^  with 
height  C(si).  Let  aT  and  bT  be  the  normalizing  constants  defined 
by  (7.8),  and  define  a  point  process  in  the  plane  by  putting  points  at 
(T_1sir  aT(C(si)  -bT>).  We  recall  from  Chapter  8  that  asymptotically 
the  upcrossings  of  the  fixed  level  x  by  aT(j;(t)  -  b^)  form  a  Poisson 
process  with  intensity  t  =  e  x  when  time  is  normalized  to  t/T,  and 
that  an  upcrossing  of  a  level  x  is  accompanied  by  an  upcrossing  of 
the  higher  level  y  with  a  probability  e  ^/e  x  =  e  ^  x^  . 


When  investigating  the  Poisson  character  of  local  maxima,  a  question 
of  some  interest  is  to  what  extent  high  level  upcrossings  and  high  local 
maxima  can  replace  each  other.  Obviously  there  must  be  at  least  one  lo¬ 
cal  maximum  between  an  upcrossing  of  a  certain  level  u  and  the  next 
downcrossing  of  the  same  level,  so  that,  loosely  speaking,  there  are  at 
least  as  many  high  maxima  as  there  are  high  upcrossings.  As  will  now  be 
seen  there  are,  with  high  probability,  no  more.  In  fact  we  shall  see 

that  this  is  true  even  when  T  -*•  <»  in  such  a  way  that  Tu  = 

_  1  ,1/2  -u2/2 

=  T  a  2  e  converges. 

First  recall  the  notation  from  Chapter  6, 

Hu  <a,b]  =  #  { s^  6  (a ,  b  ] ;  ^  (s^)  >u}, 

Ny(T)  =  N^(0,T] . 

2 

LEMMA  9.4  If  X  <  «  and  T  ~  x/u  —  t  2  tt  X~1/2  eU  ’/2 ,  then 

(i)  E(tT  (T)  )  -  1 
and 

(ii)  P{  |N^(T)  -NU(T)  |  >  1}  -0 
as  u  -  °°. 

PROOF  First  note  that  at  least  one  of  the  following  events  occur, 

{NT  (T)  > Nu(T) }  or  {£  (T)  >  u} 

and  that  in  the  latter  case,  NM'f)  >  N  (T)  -  1.  Therefore 
P{jfT  (T)  -  Mu  (T)  J  >1}  <  E(|N^(T)  -Nu(T)J) 

i  EOT  (T)  -Nu(T))  +  2P  {  C  (T)  >u}, 

and  since  E(Nu<T))  =  t  and  P{£(T)  > u}  -*  0,  (ii)  is  a  direct  conse¬ 
quence  of  (i) .  But  E(N^(T))  is  given  by  (6.18)  where  we  can  use 
1  -  4>  (x)  ~  $  (x)  /x  as  x 


-*■  OO 


so  that  for  some  constant  K, 


T  /'■4\1/2/,  J  (  '4  ,1/2,\  ,  T  /  ‘4  r/2\  ,  V 

2 -ra  v1'"vuv  72/  ;;  - K  u  .2)  j  - K  u 

2  4  2  4  2 


1  : (ui  -  0 


while 


T  r'4\1/2  (2*\1/2 

2 "kj  '2U7)  ?(u)  -(ul 


2  .  \ 
(,  -,2,V2); 

1  4  2' 


=  £  >*/2  e-u  /2(1  +o(l)) 


as  u  ■*  ®,  which  proves  (i) 


THEOREM  9 . 5  Suppose  the  standardized  stationary  normal  process  ;£(t ),* 
has  continuously  differentiable  sample  paths  and  is  quadratic  mean 
differentiable  (i.e.  a.  <  <*>)  ,  and  suppose  that  r(t)  log  t  -*-0  as 
t  Then  the  point  process  N^,  of  normalized  local  maxima  (s^/T, 

aT ( £ ( si )  -  bT) )  converges  in  distribution  to  a  Poisson  process  N'  in 
the  plane  with  intensity  measure  equal  to  the  product  of  Lebesgue  mea¬ 
sure  and  that  defined  by  the  increasing  function  -e  x. 

PROOF  By  Theorem  A.l  it  is  enough  to  show  that 

(a)  E  ( N^,  ( B )  )  -►  E  (N '  (B)  )  =  (b-a)(e  x  -  e  "' )  for  any  set  B  of  the  form 

(a,b]  *  ( ot ,  £  ]  ,  0  a  <  b,  a  a  3,  and 

(t>)  P{N^(B)  =  0  j  -  Pi'N'fB)  =0}  for  sets  B  which  are  finite  unions  of 

sets  of  this  form. 

To  prove  (a),  we  use  Lemma  9.4  { i ) .  Then,  with  u(1)  =  —  +  b„, 

aT  T 

u(2)  =  A  ♦  bT 

aT  Tr 

E  (N  *  CB)  )  =  E  (N  '  (Ta,Tb)  )  -  E  (N  '  (Ta  ,  Tb)  )  - 

U  '  U  ' 

*  (b  -  a)  e'^  -  (b-a)e-B  =  (b  -  a)  (e~r‘  -  e_B)  , 

since  Tu(u^)  ♦  e  B,  e  1  for  i  =  1,  2. 

Part  (b)  is  a  consequence  of  Lemma  9.4  (ii)  and  the  multilevel  up- 


crossing  theorem,  Theorem  8.6.  Let  Nu<I),  as  before,  denote  the  number 


of  u-upcrossings  by  ’At),  t  €  I,  and  write  the  set  B  in  the  form 


u  E j  *F.j'  where  E  ^  =  (a^,b^]  are  disjoint  and  each  F ^  is  a  finite 

union  of  disjoint  intervals.  Suppose  first  that  there  is  only  one  set 

E^,  i.e.  B  =  E  «  U  G^(  where  and  write  u  ^k  ^  = 

( 2k^f 

=  3jc/aT  +  bT,  u  =  a^/aT  +  bT.  According  to  Lemma  9.4  (ii)  asymp¬ 
totically  every  upcrossing  of  the  high  level  u  is  accompanied  by  one 
(and  no  more)  local  maximum  above  that  level,  and  hence 


P(NJ(E  x  Gk)  = 0}  =  P  { N  1  (2k  (Ta , Tb)  =N' (2k_1J  (Ta,Tb)  : 

u  u 1 

=  P{N  2k)(Ta,Tb)  *N  ( 2k-l  \  (Ta»  Yb)  ;  +  o(l) 
u  u ' 

-a  -B 

By  Theorem  i. 6,  with  t 2k  =  e  ,  T2k-1  =  e  ' 

P{N  (2k) (Ta.Tb)  = N  (2k_1) (Ta.Tb) } 


T 2k  <b-a)  ( T 2K (b-a) ) 3 


j  =  0 

-(T 


^  T2k  ' 


-  e 


2k  ~  T2k-1)  ~  a)  -(b-a)(-e  k  -  (-e  k)) 

—  0 


=  PIN'  (E  X  Gk)  = 0)  . 

By  slightly  extending  the  argument  we  obtain 

P  { N^,  ( E  x  U  Gk)  =  0}  =  P^U{N  (2k)  (Ta ,  Tb)  =N  (2k_1}  (Ta,Tb)  }  j  +  o(l) 

-(b-a)  I  (e  ^  -e  % 

-  e  k 

=  P { N  '  (E  x  u  G,  )  =  0}  , 
k  * 

and  we  have  proved  part  (b)  for  sets  B  of  the  simple  form  B  = 

E  x  jJ  Gk-  The  general  proof  of  part  (b)  is  only  notationally  more  com- 


Location  of  the  largest  maxima 


The  limiting  Poisson  process  in  Theorem  9.5  has  exactly  the  same  dis¬ 
tributions  as  that  in  Theorem  4.17  for  ;(t)  normal,  since  iogG(s)  = 

—  g 

=  -e  in  this  case.  This  means  that  all  consequences  that  can  be 
drawn  from  that  theorem  about  asymptotic  properties  of  the  normalized 
point  process  a^f'.  -b^)  also  carries  over  to  the  normalized  point 
process  of  local  maxima  aT*""^si'  -  b^)  . 

As  an  example  we  shall  use  Theorem  9.5  to  give  the  simultaneous  dis¬ 
tribution  of  location  and  height  of  the  two  largest  local  maxima  of 
%(t),  t  £  (0,t].  Let  (T)  be  the  highest  and  M^IT)  the  second 
highest  local  maximum,  and  L^(T),  L^(T)  their  location. 

THEOREM  9 . 6  Suppose  { % ( t ) }  satisfies  the  hypotheses  of  Theorem  9.4. 
Then 


(9.1) 


PiaT(M1(T)  -bT)  '  xL,  L1(T) 


;'1T' 


aT  (M2  (T)  -  bT)  <  x2,  L2  (T) 

-X  _ 

-e  2  ~x2 

*  :1:2  c  (1+e  *e 


as  T  -  ■»,  for  0  1  *•  i  <  '•  2  -  1 '  X2  -  xi  ■ 

PROOF  The  asymptotic  distribution  of  the  heights  of  the  two  highest 
local  maxima, 


P{aT(M1(T)  -bT>  <xx,  aT(M2(T)  -bT)  <x2,  - 

-e"X2  ”X2  ”xi 

-  e  (1+e  -  e  1 )  , 

is  a  direct  consequence  of  Theorem  4.14,  formula  (4.20),  and  the  obser¬ 
vation  above  that  the  limiting  point  process  of  normalized  local  maxima 
(sj a.p(£(s|)  -  bT)  )  ,  0  <  s^  <  T,  is  the  same  as  that  of  a  normalized 
sequence  of  independent  normal  r.v.'s  (i/n,  i=l,  ...,n. 

But  also  the  location  of  the  local  maxima  can  be  obtained  in  this 
way.  Suppose  e.g.  <  »2,  and  write  I,  J,  K  for  the  intervals 

(O.fcjT),  (t^T.^T),  U2T,T),  respectively.  With  u  ^  =  x^/a^,  +  bT, 


f  2 ) 

u  =  x-,/am  bT  the  event  in  (9.1;  can  be  expressed  in  terms  of  tr.e 
highest  and  second  nighest  local  maxima  over  I,  J,  K  as 

•M1(X)  :u(1),  M2(I)  :u<21,  Mx(J)  :  U(2)  ,  MX(J)  1M1(J  l, 

Mx  (KJ  ;  l<2  ( I  lIJi  ; 

and  the  limit  of  the  probability  of  this  event,  when  expressed  in  terms 
of  the  point  process  of  local  maxima,  is  again  the  same  as  it 

would  be  for  the  point  process  of  normalized  independent  r.v.'s.  For 
such  a  process  obviously  L^(T)/T  and  (T) /T  are  independent  and 
uniformly  distributed  over  (0,1)  and  independent  of  the  heights  of 
the  maxima,  which  proves  the  theorem.  o 


Maxima  under  more  general  conditions 

We  have  investigated  the  local  maxima  under  the  rather  restrictive  as¬ 
sumption  that  £ (t)  is  twice  differentiable  (in  quadratic  mean),  i.e. 

-  ».  If  > 4  ™  the  mean  number  of  zeros  of  £‘(t)  is  infinite,  by 
Rice's  formula,  and  in  fact  infinity  close  to  every  local  maximum  there 
are  infinitely  many  more,  which  precludes  the  possibility  of  a  Poisson 
type  limit  theorem  for  the  locations  of  local  maxima. 

One  way  of  getting  around  this  difficulty  is  to  exclude  from  further 
considerations  a  small  interval  around  each  high  maximum,  starting  with 
the  highest.  To  be  more  precise,  let 

(T)  =  sup {  £  (t)  ;  t  6  (0 , T)  } 
be  the  global  maximum,  and 

L1(T)  =  inf  { t  -■  0 ;  £(t)=M1(T)} 

its  location.  For  e  >  0  an  arbitrary  but  fixed  constant,  let  1^  = 

=  (0 ,  (T)  -cJlitLjfT)  +e,T),  and  define 


A2  (V)  =  sup'  '  (t)  ;  tEI^ 

L2  AT)  =  inf  •  t  £  I :  ( t )  =  >* 2  ^  ,  ( T )  ■  . 


Proceeding  recursively,  with 


rk  =  Xk-1  "  [Lk-l,,(T)  Vl,c(T)  +  e1  ' 


we  get  a  sequence  M,  ,  (T)  ,  L.  ,  (T)  ,  M.  (7)  =  *!,  (7)  ,  L,  (T)  =  L.  (T)  of 

K  (  C  K  f  t.  -L  /  —  1  -t  f  —  X 

heights  and  locations  of  L-vixi’na ,  and  there  are  certainly  only  a  finite 
number  of  those  in  any  finite  interval.  In  fact,  it  is  not  difficult  to 
relate  these  variables  to  the  point  processes  of  upcrossings  (in  the 
same  way  as  regular  local  maxima  can  be  replaced  by  upcrossings  of  high 
levels  if  <  <»)  and  thereby  obtain  the  following  Poisson  limit  theo¬ 

rem,  the  proof  of  which  is  omitted. 


THEOREM  9 . 7  Suppose  { ^  ( t ) }  is  a  standardized  normal  process  with 
>  2  <  *  and  with  r(t)  log  t  -*  0  as  t  ■*  « .  Then  the  point  process 
Ni,E)  of  normalized  e-maxima  (L  (T)/T,  a  (M  (T)  -  b  ))  converges 

X  1  ;  t  IX  f  C  X 

in  distribution  to  the  same  Poisson  process  N'  in  the  plane  as  in 
Theorem  9.5.  o 


Note  that  the  limiting  properties  are  independent  of  the  e  chosen. 

We  shall  return  to  processes  with  even  more  irregularity  in  Chapter  12. 


CHAPTER  1G 


SAMPLE  PATH  PROPERTIES  AT  UPCRC£S_^NG5 

Our  main  concern  in  previous  chapters  has  been  the  distribution  of  tr.e 
number  and  location  of  upcrossings  of  one  or  several  adjacent  levels 
and  of  high  local  maxima.  For  instance  we  know  from  Theorem  3.6  and 
relation  (3.7)  that  for  a  standard  normal  process  each  upcrtsstng  of 
the  high  level  u  =  u_  with  a  probability  p  =  is  accompanied 

by  an  upcrossing  also  of  the  level 

asymptotically  independently  of  all  other  upcrossings  of  u  and  u_#. 

In  order  to  throw  further  light  on  the  conclusions  and  proofs  m 
previous  chapters  we  will  now  introduce  some  new  concepts  which  give 
more  precise  information  about  the  structure  of  the  sample  paths  of 
{ ?!  ( t )  }  near  upcrossings  of  a  level  u.  Perhaps  a  word  of  warning  is 
appropriate  here,  that  we  will  need  some  slightly  more  difficult  argu¬ 
ments  that  have  been  encountered  so  far. 

We  assume,  as  we  did  in  Chapters  7-9,  that  r  % ( t )  ■  is  a  stationary 
normal  process  with  E(£(t))  =  0,  E ( C 2 ( t ) )  =  1  and  covariance  function 
r(t)  satisfying 

(10.1)  r  (t )  =  1  -  \2z2/ 2  +  o  (t2)  as  -  -  0. 

With  a  slightly  more  restrictive  assumption, 

(10.2)  —  r "  ( t )  =  2  +  o  ( i  log  ;  t  ;  |  a)  as  t  -  C 

for  some  a  >  1 ,  we  can  assume  that  (t)(t)  }  has  continuously  differen¬ 
tiable  sample  paths  -  see  CramSr  and  Leadbetter  (1967),  Section  9.5  - 
and  we  will  do  so  since  it  serves  our  purposes  of  illustration.  We  also 
assume  throughout  this  chapter  that  for  each  choice  of  distinct  non-zero 
points  s  ^ ,  ...,  s  n ,  the  distribution  of  £(0),  5’(0),  '{s^,  .  .  . ,  ^  { sn ) 
is  non-singular.  (A  sufficient  condition  for  this  is  that  the  spectral 


the  behaviour  of  the  -'-process  in  the  immediate  vicinity  of  its  ,<-tr. 
u-upcrossmg  t.^.  Of  course,  any  of  the  marks,  say  ^  ( t  •  ,  contains 

perfect  information  about  ail  the  upcrossings  and  all  other  marks,  so 
different  in^(tj;  are  totally  dependent. 

The  marks  are  furthermore  constrained  by  the  requirement  that  t, 
is  the  first  upcrossing  of  u  after  zero,  t,  the  second  and  so  cr. , 
which  suggests  that  the  different  marks  ...»  {'.(t)’-,  ... 

are  not  identically  distributed. 

One  would  feel  inclined  to  look  for  the  distribution  of  the  mark  at 
an  arbitrary  upcrossing  without  respect  to  its  location.  Intuitively, 
the  distribution  of  n  (t)  is  the  conditional  distribution  of  the  pro¬ 
cess  at  time  t^  +  t  given  that  there  is  an  upcrossing  of  the  level 
u  at  some  time  t^ .  Two  difficulties  are  involved  here.  One  is,  as 
was  previously  noted,  that  the  marks  are  not  identically  distributed, 
which  is  somewhat  incidental  and  due  to  the  choice  of  time  origin.  The 
other  difficulty  is  that  the  event  that  there  is  an  upcrossing  of  u 
at  t  has  probability  zero  if  t  is  a  fixed  point.  It  is  therefore 
not  at  all  clear  how  one  should  define  the  conditional  probabilities. 

In  point  process  theory,  the  abovementioned  difficulties  are  resolved 
by  the  use  of  Palm  distributions  (or  Palm  measures) ,  which  formalize  the 
notion  of  conditional  distributions  given  that  the  point  process  has  a 
point  at  a  specified  time  t.  We  shall  use  a  similar  approach  here  to 
obtain  a  Palm  distribution  of  the  mark  at  an  arbitrary  upcrossing,  and 
then  examine  this  distribution  in  some  detail. 


Palm  distributions  of  the  marks  at  upcrossings 

The  point  process  on  the  real  line  formed  by  the  upcrossings  of 

the  level  u  by  K(t)i  is  stationary  and  without  multiple  events, 

i.e.  the  joint  distribution  of  NJtH.),  j=l,  ...,n  does  not  depend 

on  t,  and  N  ({t})  is  either  0  or  1;  (here  t+I.  is  the  set  I. 

u  3  3 


* 


The  Pa im  distributions  of  the  mark  ft);  for  any  integer 

are  given  cy 

po;  W  -  V  j  =1 . n- 

E  !  » t,  £  ( 0 , 1 )  ;  -'  ( t.  +■  s  i  y  <  ]  =  i  ,  .  .  .  ,  n  ■ ) 

=  _ * _ _ _ idle _ j _ I__J _ _  , 

E (#• tk  €  (0,1:;) 

and  the  joint  Pair,  distribution  of  •  -  ( t )  and  ■'  (t)  :  is  defined 

s  irr.  i  lar  ly  . 

Relation  (10.3)  defines  a  consistent  family  of  f inite-d tmenr lona 1  dis 
tributions  for  a  certain  stochastic  process,  which  will  be  studied  in 
more  detail  later  in  this  chapter.  But  first  we  qive  some  more  Conner 
tions  between  Palm  distributions  and  the  marks  at  upcrossinqs. 


-*3- 


Palm  probabilities  can  also  be  obtained  as  limits  of  ordinary  condi¬ 
tional  probabilities  given  a  point,  i.e.  an  upcrossing,  not  exactly  at 
0,  but  somewhere  nearby.  Let  t^  be  the  last  u-upcrossing  for  '  it) 
prior  to  0.  Then 

p0 ( n0  { s  j  >  i  yj '  3  = 1>  '  n> 

(10.4)  =  lim  Pi .  (tn  +  s  . )  <  y  . ,  j  =  1 ,  . . . ,  n  '  -h  <•  t.  ••  0 } , 

hiO  u  J  3 

where  it  may  be  shown  that  the  limit  (10.4)  exists,  and  equals  the  ratio 
(10.3).  In  fact,  (10.4)  can  be  taken  as  a  definition  of  the  Palm  distri¬ 
butions,  an  approach  which  was  taken  by  Kac  and  Slepian  (1959),  who 
also  termed  it  the  horizontal  window  conditioning  of  crossings,  indi¬ 
cating  that  the  sample  path  £(t)  has  to  pass  through  a  horizontal 
window  { ( t ,  u) ;  -h  <  t  <  0).  This  is  in  contrast  to  vertical  window 
conditioning  which  requires  that  u  <  £(0)  <  u+h,  f'(O)  >  0,  so  that 
the  process  has  to  pass  through  a  vertical  window  {(0,  x) ;  u  <  x  <  u+h} 
with  positive  slope. 

The  following  important  proposition  relates  the  Palm  distribution  to 
the  empirical  distribution  of  the  values  of  fft^+t)  when  tfc  runs 
through  the  set  of  all  upcrossings  of  the  level  u.  It  states  that  the 
Palm  distributions  in  an  ergodic  process  can  actually  be  observed  by 
considering  the  marks  over  an  increasing  interval. 


PROPOSITION  10.2  If  the  process  (f(t)}  is  ergodic,  then  with 
probability  one 


-yj  ' 


j  =  1 ,  .  .  .  ,  n  ) 


(10.5) 


#{t,  6  (  0  ,  T)  ; 

=  lim  - - - 

T 


utk+v  +si)  -yi'  3=1 . n) 

#{tk  e  ( o , t)  } 


□ 


The  convergence  of  the  empirical  finite-dimensional  distributions  in 
(10.5)  to  the  Palm  distributions  can  be  extended  to  empirical 
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distributions  of  functionals  such  as  the  excursion  time,  i.e,  the  time 
from  the  upcrossing  to  the  next  downcrossing  of  the  same  level,  or  the 
maximum  in  intervals  of  fixed  length  following  the  upcrossing,  i.e. 

sup  £ (t  +  t) . 
tei  K 

For  a  proof  of  Proposition  10.2  as  well  as  generalizations  and  examples 
see  Lindgren  (1977). 

In  the  introduction  we  suggested  the  interpretation  that  the  Palm 
probability  ^y}  gives  the  distribution  of  (Cft)}  at  time 

t  later  than  the  v-th  upcrossing  after  an  arbitrary  upcrossing.  For 
this  to  make  intuitive  sense,  the  P^-distribution  of  fn  (t)}  should 
not  depend  on  v.  The  following  theorem  makes  this  precise. 

THEOREM  10.3  The  sequence  of  marks  f  Hq  ( t ? } #  j ,  ...  is  station¬ 

ary  under  the  Palm  distribution  P^,  in  the  sense  that  the  joint  finite 
dimensional  P^-distribution  of 

'1k+k1<sj) . ^k+k^V'  i  =1 . n 

is  independent  of  k.  In  particular,  for  a  fixed  t,  all  the  n.  (t) , 
j  = 0,  1,  ...»  form  a  stationary  real  sequence,  and  hence  have  the  same 
Pg-distribution,  whereas  they  are  non-identical ly  distributed  under  P. 

PROOF  We  only  show  that,  under  P^,  the  distribution  of  n^lt)  is  the 
same  as  that  of  rij_^(t)  •  A  full  proof  is  only  notationally  more  compli 
cated . 

Put  u  =  E(NU(0,1))  =  E(#{tk  £  (0,1)}.  Then 

P^(g.(t)  <  yi  =  u’1E(#(tv.e  (0,1);  UtR+j  +  t)  <  y } ) 

(10.6)  =  (uT)_1E(#(tk  £  (0,T)  ;  f,  ( tR+  +  t )  <  y ) )  . 
Similarly, 

(10.7)  P^{nj_1(t)  <y}  =  (uT)'1E(#(tk  €  (0,T) ;  f(tk+j_1 


H)  -_y})  . 


Now  take  a  pair  of  adjacent  points  tk  and  +  We  see  that  ls 

counted  in  (10.6)  if  and  only  if 

tR £  (0 , T)  and  £(tk  +  t)  <  y 

while  tk+^  contributes  to  (10.7)  if  and  only  if 

tk+i  6  (0,T)  and  UtJ<+1  +  j_1  +  t)  <  y, 

i.e.  if  and  only  if 

tk+1£(0,T)  and  Utk+j+t):y. 

Hence  the  numbers  in  (10.6)  and  (10.7)  differ  at  most  by  +1  or  -1  so 
that 

J  Pq  { n  j  ( t)  <y}  -  Po'rij_1(t)  <y}t  <  -  0  as  T  *  ° 


The  Slepian  model  process 

We  will  devote  the  rest  of  this  chapter  to  a  study  in  more  detail  of  the 
properties  of  any  of  the  marks  under  the  Palm  distribution,  in  particu¬ 
lar  as  the  level  u  gets  high.  In  view  of  Theorem  10.3  all  -nk(t); 
have  the  same  P^-distr ibution  and  we  pick  { n q ( t ) >  as  a  typical  re¬ 
presentative  . 

Our  tool  will  be  an  explicit  representation  of  the  P^-distr ibution 
of  hj(t)  in  terms  of  a  simple  process,  originally  introduced  by  D. 
Slepian  (1962)  and  therefore  in  this  work  termed  a  Slepian  model  process. 
The  following  theorem  uses  the  definition  of  Palm  distributions  and 
forms  the  basis  for  the  Slepian  representation. 
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THEOREM  10.4  Let  y  =  EfN^d))  =  e~U  ^2.  Then  for  t  *  0, 

y  .  « 

(10.8)  ?“{  nQ  (t)  y  ^  =  /  ]yl  ^  zp(u,z)p(x|u,z)dzidx, 

'  z=0  ' 

where  p(u,z)  is  the  joint  density  of  £(0)  and  its  derivative  f'(0), 
and  p(xju,z)  is  the  conditional  density  of  f,(t)  given  £(0)  =  u, 


-(>(>- 


r  '  ( 0 )  =  z.  Thus  the  Pg-distr  ibution  of  q  ( t )  is  absolutely  continuous, 
with  density 

oo 

^  /  zp(u,z)p(x'lu,z)dz. 

z-0 

The  n-dimensional  P^-distribution  of  n„(s,),  ....  n„(s  )  is  ob- 

u  u  I  u  n 

tained  by  replacing  p(x|u,z)  by  p(x^,  ...,xn|u,z),  the  conditional 
density  of  5 ) ,  ...,  £  ( sn>  given  £  ( 0)  =  u,  £ '  ( 0)  =  z. 

PROOF  The  one-dimensional  form  (10.8)  is  a  direct  consequence  of  Lemmas 
6. 9  (iii)  and  6.10,  since  we  have  assumed  that  £(0)  and  S(t)  have  a 
non-singular  distribution.  We  can  take  t(s)  =  £(s),  t'(s)  =  £'(s), 
n (s)  =  4(s+t)  and,  in  the  same  way  as  in  the  proof  of  Lemma  6.11, 
check  that 

P{ ;  (t)  =u,  n(t)  =v  for  some  t£  (0,1);  =  0 

so  that 

<x> 

E  (N  ( 1 )  )  =  /  zp(u,z)p{?(t)  <y|t(0)  =u,  r;’(0)  =  z  }dz 

u  z=0 

y  oo 

=  /  /  zp(u,z)p(x|u,z)dzdx. 

x=-<»  z=o 

The  multivariate  version  is  proved  in  an  analogous  way.  o 

Theorem  10.4  states  that  the  joint  density  of  n0(s^),  ..., 
under  is  given  by 

-1  00 

(10.9)  u  f  zp(u,z)p(x,,  ...,x  |u,z)dz, 
z=0  1  n 

where  p  (xx  ,  .  .  . ,  xn  |  u,  z)  is  the  conditional  density  of  5  (s^  ,...,?  (s  ) 
given  £(0)  =  u,  f.'(0)  =  z.  We  shall  now  evaluate  (10.9)  in  order  to 
obtain  the  Slepian  model  process. 

With  m  =  A 2^^  e  U  and  using  the  fact  that  f(0)  and  £'(0) 

2 

are  independent  and  normal  with  E(£’(0))  =  0,  E(£'(0)  )  =  >2  we  have 


that 


p (u, z) 


'h  - 


-z2/2-2 
-*■  e  2 


and  we  can  write  (10.9)  in  the  form 
»  ,  -z2/2A 

(10.10)  f  ~  e  p(xx,  .  .  . ,  xn|u,z)dz. 

z  =  0  a2 

The  covariance  matrix  of  £(0),  ( 0 )  ,  S(s^),  .  ../  S(sn)  is 


r  (Sj^) 


r(sn) 


-r  1  (Sl) 


r  (s1) 


r(sn) 


-r,(s1)  ...  -r’(sn) 


...  r(sn-Sl) 


-r 1  (sn)  r  (s1-sn)  .  .  . 


From  standard  properties  of  conditional  normal  densities  -  see  Rao 
(1S73)  ,  p.  522  -  it  follows  that  pfx^,  ...,x  |u,z)  is  an  n-variate  nor¬ 
mal  density  and  that 

(10.11)  E(S(Si)  K(0)  =u,  S 1  (0)  =  z)  =  ur(si)  -zr,(si)/A2 
and 

(10.12)  Cov(S(si),  £  (Sj) |S  (0)  = u,  £  ’  ( 0 )  =  z ) 

=  r(si~s^)  -  rts^rfs^)  -  r'Is.Ir'IsJ/lj. 

The  density  (10.10)  is  therefore  a  mixture  of  n-variate  normal  densities, 
all  with  the  same  covariances  (10.12),  but  with  different  means  (10.11), 
and  mixed  in  proportion  to  the  Rayleigh  density 

-z2/2 a 

(10.13)  -p-  e  ,  (z  >  0)  . 

A2 

Now  we  are  ready  to  introduce  the  Slepian  model  process.  Let  e,  be  a 
Rayleigh  distributed  random  variable,  with  density  (10.13)  and  let 


■>(t),  t  6  R;  be  a  non-stationary  normal  process,  independent  c £ 
with  zero  mean,  and  with  the  covariance  function 

r^(s,t)  =  Cov  ('  (sj  ,  •  ( t;  )  =  r(s-t)  -r(sir(t)  -  r  '  ( s)  r '  ( t  j  /  •  . 

That  this  actually  is  a  covariance  function  follows  from  (10.12). 

DEFINITION  10.5  The  process 

(10.14)  ^u(t)  =  ur  ( t)  -  ;r'(t)/X2  +  <r<t) 

is  called  a  Slepian  model  process.  D 

Obviously,  conditional  on  £  =  z,  the  process  (10.14)  is  normal  with 
mean  and  covariances  given  by  the  right  hand  side  of  (10.11)  and  (10.12) 
respectively,  and  so  its  finite-dimensional  distributions  are  given  by 
the  densities  (10.10). 

THEOREM  10.6  The  finite-dimensional  Palm  distributions  of  the  mark 
{rig  ( t )  >  and  thus,  by  Theorem  10.3,  of  all  marks  (n^(t)},  are  equal  to 
the  finite-dimensional  distributions  of  the  Slepian  model  process 

£u(t)  =  ur  ( t)  -  ^r ' (t)  A  j  +  r.(t) 

i.e.  Po{ri0  e  Bj  '  j  =  1,  .  .  .  ,  n }  =  P{  5U  (s  j )  e  B  j  ,  j=l,  ...,n;.  a 

One  should  note  that  the  height  of  the  level  u  enters  in  *"  (t) 
only  via  the  function  ur(t),  while  the  distributions  of  C  and  <(t) 
are  the  same  for  all  u.  This  makes  it  possible  to  obtain  the  Palm  dis¬ 
tributions  for  the  marks  at  crossings  of  any  level  u  by  introducing 
just  one  random  variable  c,  and  one  stochastic  process  { <  ( t )  >  .  In  the 
sequel  we  will  use  the  fact  that  u  enters  only  through  the  term  ur(t) 
to  derive  convergence  theorems  for  6u<t)  as  u  ■*  °°.  These  are  then 
translated  into  the  distributional  convergence  under  the  Palm  distri¬ 
bution  Pq,  by  Theorem  10.6,  and  thus  of  the  limiting  empirical  distri¬ 
butions  by  Proposition  10.2. 


As  noted  on  p.  the  same  reasoning  applies  to  the  limiting  em¬ 
pirical  distributions  of  certain  other  functionals.  In  particular,  this 
applies  to  maxima,  and  therefore  it  is  of  interest  to  examine  the 
asymptotic  properties  of  maxima  in  the  Slepian  model  process. 

Some  simple  facts  about  the  model  process  1  (t)  ■  should  be  men¬ 
tioned  here.  From  the  form  of  the  covariance  function  one  nay  show 

that  t*(t)}  is  continuously  differentiable  with 

t(<  (t)  )  =  E(-  ’  (t)  )  =0 

e (<  to; 2;  =  e(*  ’  < 0) 2 )  =  o 

so  tnat  P{ »  (u)  =  •  '  (0)  =  0  ;  =  1.  Since  >2  =  * t "  ( 0 )  one  lias 
f,'(0)  -  ur'  (0)  -  r "  ( 0 )  /  >  2  *  ^  *  (0 )  =  r. 

so  that  is  simply  the  derivative  of  %  ^  ( t )  at  zero.  From  Theorem 

10.6  this  immediately  translates  into  a  distributional  result  for  the 
derivative  at  upcrossings. 

COROLLARY  10.7  The  Palm  distribution  of  the  mean  square  derivative 
n£(0)  of  a  mark  at  a  u-upcrossing  does  not  depend  on  u,  and  it  has 
the  Rayleigh  density  (10.13).  u 

PROOF  Equality  of  finite  dimensional  distributions  of  course  implies 
equality  of  the  distributions  of  the  difference  ratios  (n^fh)  -nk(0))/h 
and  (f;u(h)  -  ?u(0))/h  and  hence  of  their  mean  square  limits.  d 

The  value  of  5  determines  the  slope  of  £  (t)  at  0.  For  large  t- 
values  the  dominant  term  in  5u(t)  will  be  K(t),  if  r(t)  and  r’(t) 

0  as  t  (A  sufficient  condition  for  this  is  that  the  process 

(C(t)}  has  a  spectral  density,  in  which  case  it  is  also  ergodic.)  Then 
rl-r  ♦  s,  t  +  t)  -  r(s- t)  as  t  -  »  so  that  Cu<t)  for  large  t  has 
asymptotically  the  same  covariance  structure  as  the  unconditioned  pro¬ 
cess  Ut),  simply  reflecting  the  fact  that  the  influence  of  the  up- 
crossing  vanishes. 


Excursions  above  a  high  level 


We  now  turn  to  the  asymptotic  form  of  the  marks  at  high  level  crossings. 
The  length  and  height  of  an  excursion  over  the  high  level  u  will  turn 
out  to  be  of  the  order  u  1 ,  so  we  normalize  the  model  process  (.^(t) 
by  expanding  the  scale  by  a  factor  u.  Before  proceeding  to  details  we 
give  a  heuristic  argument  motivating  the  precise  results  to  be  obtained, 
by  introducing  the  expansion 


t  V 

r(-)  =1 - ^-j-d  +o(l)  ) 

2u^ 

(10.15) 

r.(^>  =  -  ^(Hodl) 

as  t/u  +  0,  which  follow  from  (10.1),  and  by  noting  that  <(t/u)  =  o(t/u) 
as  t/u  +  0.  Inserting  this  into  f  (t)  and  omitting  all  o-terms  we 
obtain 

(10.16)  Su(t/u)  ~  u(l  -  A2t2/2u2)  +  ;t/u  =  u  +  jjUt  -  i2t2/2; 


as  u  -►  «  and  t  is  fixed. 

The  polynomial  £t  -  /2  in  (10.16)  has  its  maximum  for  t  =  ;/A2 

2 

with  a  maximum  value  of  c,  / 2A 2  and  tnerefore  we  might  expect  that 

1  2 

r;  (t)  has  a  maximum  of  the  order  u  +  —  C  /2A.,.  Hence  the  probability 
that  the  maximum  exceeds  u  +  v/u  should  be  approximately 


P{ C  /2A  2  > v}  = 


-z2/2X 


2  .  -v 

dz  =  e 


/2A2v 


The  following  theorem  justifies  the  approximations  made  above. 


THEOREM  10.8  Suppose  r  satisfies  (10.2)  and  r(t)  ■»  0  as  t  -* 
Then  for  each  t  >  0, 

p{  sup  4  (t)  >  u  +^}  -*■  e  v  as  u  -*•  =, 

0  <  t<  T  U  U 

i.e.  the  normalized  height  of  the  excursion  of  £u(t)  over  u  is 
asymptotically  exponential. 


PROOF  We  first  prove  that  the  maximum  of  5  (t)  occurs  near  zero. 

Choose  a  function  5(u)  *  “  as  u  •*  ™  such  that  5(u)/u  •*  0  and 
2 

5  (u)/u  -  *>.  Then 

(10.17)  P{  sup  (t)  >u;  -  0, 

5(u)/u<t<x  u 

since  the  probability  is  at  most 


P{  sup  (5  (t)  -ur(t)  +  sup  ur(t)  >u; 

6(u)/u<t^i  -S(u)/u^t<x 

<  P{  sup  (-<;r  1  (t) /a -  + < (t) )  >u(l-  sup  r(t))}. 
0< t< T  5  (u) /u<  t<  T 

Here 


sup  (~c r' (t)/i-  + <  (t) ) 

0  <  t<  T 

is  a  proper  (i.e.  finite  valued)  random  variable,  and  (since  1  -  r(t) 

2  2 

=  Xjt  / 2  +  o(t  )  as  t  ■*  0,  and  the  joint  distribution  of  5(0)  and 

5(t)  is  nonsingular  for  all  t  so  that  r(t)  <  1  for  t  *  0) 

2 

1  -  r(t)  >  Kt  for  0  <  t  <  r,  some  K  depending  on  t,  so  that 

u(l  -  sup  r  ( t )  )  >  Ku  - — •*  * 

6(u)/u<t<t  u 

which  implies  (10.17). 

In  view  of  (10.17)  we  now  need  only  show  that 

P{  sup  5  (t)  >u+-}  =  P{  sup  u(c  (t/u)  -u)  v-  *  e 
0<t<^(u)/u  u  U  0<t<5 (u) 

for  v  >  0.  By  (10.15) 

(10.18)  u(5u  (t/u)  -  u)  =  -u2(l-r  (t/u)  )  -  cur  ’  ( t/u)  /*  2  +  u»  (t/uj  - 

=  -X,t2/2  •  (l+od))  +  •; t  ( 1  +o(l))  -  t 

uniformly  for  0  <  t  <  6  (u)  as  u  -►  ®.  Since  >  (t)  .  has  a.s.  contin¬ 

uously  differentiable  sample  paths  with  «-’(0)  *  0,  and  -(u)/u  •  0, 


sup 

0<  tl<5  (u) 


< (t/u) 
t/u 


0  (a  .  s  . )  as  u 


THEOREM  10.9  Suppose  r  satisfies  (10.2)  and  r(t)  ■*  0  as  t  -*  •3°. 
Then  with  probability  one  the  normalized  model  process 

£u  (t)  =  u  (?u  ( t/u)  -  u) 

tends  uniformly  for  t  <  t  to  a  parabola 
f,,„(t)  =  ->2t2/2  +  C 1 


in  the  sense  that,  with  probability  one, 


sup  \X  (t)  -ELJt)  ;  -  0 

|  t  I  <  T 

as  u  -*•  «» .  o 

This  theorem  throws  some  light  upon  the  discrete  approximation  used 
in  the  proof  of  the  maximum  and  Poisson  theorems  in  previous  chapters. 
The  choice  of  spacing  in  the  discrete  grid,  q,  appeared  there  to  be 
chosen  for  purely  technical  reasons.  Theorem  10.9  shows  why  it  works. 

By  the  theorem  the  natural  time  scale  for  excursions  over  the  high 
level  u  is  u  1 ,  so  the  spacing  q  =  o(u  1 )  of  the  q-grid  catches 
high  maxima  with  an  increasing  number  of  grid  points. 


CHAPTER  11 


MAXIMA  AND  MINIMA  AND  EXTREMAL  THEOP.V  FOR  DEPENDENT  PROCESSES 

The  main  chread  in  the  previous  chapters  has  been  the  extension  of  ex¬ 
tremal  results  for  sequences  of  independent  random  variables,  to  depen¬ 
dent  variables  and  to  continuous  time  processes.  Trivially,  extremes  in 
mutually  independent  processes  are  also  independent,  and  we  shall  see 
that  this  holds  asymptotically  for  normal  processes  even  when  they  are 
highly  correlated. 

However,  we  shall  first  consider  the  joint  distribution  of  maxima  and 
minima  in  one  process.  (Since  minima  for  A  ( t )  are  maxima  for  --;(t), 
this  can  in  fact  be  regarded  as  a  special  case  of  dependence,  namely  be¬ 
tween  { •;  (t)  }  and  ;-5(t)}.) 


Maximum  and  minimum 

Suppose  5  ...  is  a  stationary  sequence  of  independent  random  va¬ 

riables  with 

PUl>Un}~H'  PUl<-Vn;~'H 
as  n  •*  ”,  so  that 

p{  max  5.  <u  }  -  e-1,  P{  min  F  > -v  }  -  e 
l<i<n  1  "  n  l<i<n  1  n 

Then  clearly 

p{-v  <  min  £ .  <  max  < u  }  =  P{-v  <  5.  <  u  }n 
n"l<i<n  1_l<i<n  1  "  n  n-  1  -  n 

=  (1  -  P{CX  >  un}  -  P{5X  < -vn})n 

, ,  T+a  .  ,  -1 . , n  — t  -  a 

=  (1  -  -jj-  +  o  (n  ) )  -  e  e  , 

i.e.  maximum  and  minimum  are  asymptotically  independent. 

For  a  standardized  stationary  normal  process  {5 ( t ) >  and  f  — ^  ft)} 


have  the  same  distribution.  Writing 


m(T)  =  inf  •  r  (si;  0  <  s  <  T  , 

clearly  n(T)  =  -  sup  (--;(si;  0  <  s  <  T  •  ,  and  hence  m(T)  has  the  same 
asymptotic  behaviour  as  -M(T).  If  {^(t);  satisfies  the  hypotheses  of 
Theorem  7.6, 

?;m(T)  y -v ;  -  e 

as  T,  v  -  «o  and  Tv  -  a  >  0  for 

,  _  _L  a/2  -v2/2 
2tt  A2  6 

It  follows,  under  the  hypotheses  of  Theorem  7.8,  that 
P { aT  (m  (T)  -bT)  <x;  -  1  -  exp(-ex) 
with  the  same  normalizations  as  for  maxima,  i.e. 


aT  =  (2  log  T ) 


bT  =  (2  log  T) 


l/2  log(^/2/2ir) 


(2  log  Ti¬ 


lt  was  shown  by  Berman  (1971  a)  that  under  no  further  assumptions 
m(T)  and  M (T)  are  asymptotically  independent  as  in  the  case  of  inde¬ 
pendent  sequences  studied  above.  We  shall  now  prove  this  result. 

With  the  same  notation  and  technique  as  in  Chapter  7,  we  let  N  and 
be  the  number  of  u-upcrossings  by  the  process  (5(b);  0<t£h; 
and  the  sequence  O^jq^h),  and  define  similarly  D_v  and 

to  be  the  number  of  donKaros3ings  of  the  level  -v.  We  first  ob¬ 
serve  that  if,  for  h  =  1, 

.  =  E(N  )  =  _L  A1/2e-U2/2 

M  MNu'  2tt  A2  e 


-  ■  ■  A 


and  u,  v  -  *  so  that  Ty  -  t  >  0  and  Tv  -  a  >  0,  then  we  have 


u  ~  v  and 


(11.1)  u  -  v 


« 


:r;-.l;s5  ::.at 


5  1/  t"  3  1 


.  e  c  -S  - 


*  ;< 


:  ax  i.v.a  . 


mterva  * 


-/•t 


W  r  :4,& 


interval 


13  jmtorr.  ir.  a^ .  intervals  ' r  i  ixe: 


.  x 

•<  =  ^  X  =  . 


1 1 1 ) 


p;-v  -  (;qj  :  u,  jq  €  ^  Ik;  - 


n  r. 

P;-v  '  rr.  (  o  I  j  -  M(  J  I.  • 

~  _ .  X  “  ■<  K  — 

<=i  .<=1. 


PROOF  Ci>  By  Lemma  7.3  (ij  applied  to  •  %  ( t  i  ;  and  ■  ' - r,  [ti  :  , 

0  <  P  •  m  i  I  "  -v,  MCI-  u  -  p-  r.in-;ijq;  ■  -v,  r.ax  ‘  ;  q ; 

iqF.I  ’  jqc: 


E  ( D  ,,  -  D  q'  ,  +  E(N  _  N 


!  *  P-  %  <C)  "  -V;  *  ?■  ( C  ;  •  „  . 


Parts  (ID  and  (iii)  follow  as  in  Lemma  7.4  and  the  details  are  not 
repeated  here. 

The  following  two  ler.unas  give  tne  asymptotic  independence  of  both 
Lma  and  minima  over  the  separata 


□ 


max- 


I^-interva Is 


?  ■  \  { 0  )  >  u ,  t  j  q )  <  -v  •  =  t  x  I  P  ■  ■;  (  ;  q 


f  0  ,  =  x  dx 


(11.5) 


•  x  .  -v  -  xr  (  ig;  , 

=  x  ■*  ( x  j  ;  t - i  dx  , 

^7^ 


( jq) 


since,  conditional  on  % ( 0 )  =  x,  "(jq)  is  normal  with  mean  xr i jq) 

2 

and  variance  1  -  r  (jq)  .  Now,  choose  h,,  -  0  such  that  0  '  r(ti  < 
for  0  <  t  <  h^ ,  which  is  possible  by  {1.1).  If  0  <  jq  '  hr 

then 


(-V  -  xr  ( jq)  //l  -  r*"  ( jq)  <  -v, 
for  u,  v  >  0,  so  that  (11.5)  is  bounded  by 


/  *(x)t(-v)dx  =  (l-i(u))(l-1>(v)) 
u 


*(u)  t ( v) 
uv 


Together  with  (11.4)  and  (11.5)  this  shows  that 

2 

0  <  P{  max  5(jq)  '  u,  min  '(jq)  <  -v)  <  ^ 

0<jq<h  0<jq<h  q 4 

,2  $(u)  *'  (v)  1  ,  ,  ,  ,  _  , ,  ,  ,  ,  , 

=  h  ‘  ~~~V-)-  ‘  qu^v  +«>  =  o(l)  (a  tv), 

since  Q  (u)  ■t(v)  /  (u  +  j)  =  O  (u  j/ (u  +  v) )  *  0,  and  q  can  be  chosen  to 
make  quqv  -  0  arbitrarily  slowly. 


THEOREM  11.5  Let  u  =  uT  -  *  and  v  =  vT  -*  ®  as  T  -*•«>,  in  such  a 
way  that 


Tu 


a  >  0 . 

Suppose  r(t)  satisfies  (7.1)  and  either  (7.2)  or  the  weaker  (11.3) 
Then 


-  T  i1/2 
2  it  2 

2  /, 
e-u  /2 

...  T  .1/2 

2/o 

-v  /2 

"  17  *2 

e 

P{-v  <  m  (T)  £M(T)  <u}  *  e  as  T  - 

and  hence 

PfaT(m(T)  -bT)  <x,  aT(M(T)  -  bT>  <y}  -  (1  -  exp  (-eX)  )  exp  (-e-y) 
with  a  =  (2  log  T)1/2,  bT  -  (2  log  T)1/2  ♦  logO^  /2n>/<2  log  T)l/2. 


PROOF  By  Lemma  11.1  'nj  and 


and  ' .  x 


,  and  Lemma 


we  have 


iim  sup  P-'-v  '  .nirihi  '  M(nh;  '  u  ;  -  m  'hj  'M'ri,  '  u  • 

*P  w  ~r> 

'  t  Z  ~  ) 

h 

for  arbitrary  >  Q,  and  hence 

(11.6)  Pi-v  ■'m(nh)  '  M(r,h)  '  u ;  -  ?n- — /  'a  (hi  'M  Ir.i  '  u .  *  C 

as  n  -»  ■*.  Furthermore,  by  Lemma  11.4, 

?n i.  -v  '  m  (hj  "  M  (h)  '  u  :  =  ( 1  -  P {m  (h)  '  -v ;  -  ?  •  M  (hi  •»  a  ;+  o  (/+_))“  . 

Arguing  as  in  the  proof  of  Theorem  7.6,  the  result  now  follows  from 

T  ~  +  ~ 

Lemma  7.3,  using  n  ( v  +  u  )  ~  ( v  +  y )  *  - .  □ 


This  theorem  of  course  has  similar  ramifications  as  the  maximum  theo¬ 
rem,  Theorem  7.6,  but  before  stating  them  we  give  a  simple  corollary 
about  the  absolute  maximum  of  t(t). 


COROLLARY  11.6  If  u  -  T  *  r/y,  then 

■*“  2  T 

P  (  sup  |  p  ( t )  |  <  u }  -»  e  , 

0<  t<T 

and  furthermore 

P{a„(  sup  ;£(t)  j  -  bT)  <  x  +  log  2;  ■*  exp(-e~x)  .  □ 

0<t<T 

As  for  the  maximum  alone,  it  is  now  easy  to  prove  asymptotic  indepen¬ 
dence  of  maxima  and  minima  over  several  disjoint  intervals  with  lengths 
proportional  to  T.  As  a  consequence  one  has  a  Poisson  convergence  theo¬ 
rem  for  the  two  point  processes  of  upcrossings  of  u  and  downcrossings 
of  -v,  the  limiting  Poisson  processes  being  independent.  Furthermore, 
the  point  process  of  downcrossings  of  several  low  levels  converges  to  a 

point  process  with  Poisson  components  obtained  by  successive  binomial 
thinning,  as  in  Theorem  8.6,  and  these  downcrossings  processes  are  as¬ 
ymptotically  independent  of  the  upcrossings  processes.  Of  course,  the 


considered  in  Theorem  9.4,  is 


u  * 


entire  point  process  or  local  minima, 
also  asymptotically  independent  of  the  point  process  of  normalized  lo¬ 
cal  minima. 


Extreme  values  and  crossings  for  dependent  processes 

One  remarkable  feature  of  dependent  rirmi'  processes  is  that,  regardless 
of  how  high  the  correlation  —  short  of  perfect  correlation  —  the  number  of 
high  level  crossings  in  the  different  processes  are  asymptotically  inde¬ 
pendent,  as  shown  in  Lindgren  (1974;.  This  shall  now  ice  proved,  again  by 
means  of  the  important  Lemma  3.2. 

Let  ....  '  (t)  ;  be  jointly  normal  processes  with  zero 

means,  variances  one  and  covariance  functions  r.  < - )  =  Cov  t)  , 

Cfcft  +  r)).  We  shall  assume  that  they  are  jointly  stationary,  i.e. 
Cov(rk(t),  r  (t  +  i))  does  not  depend  on  t,  and  we  write 

rkJ(t>  =  Cov(Sk(t),  Cjlttri) 

for  the  croas-coyiriircfe  function.  Suppose  further  that  each  rk  satis¬ 
fies  (7.1),  possibly  with  different  >k's,  i.e. 

(11.7)  r^ ( t)  =  1  -  i2k  t2/2  +  o(t2),  t  -  0, 

and  that 

r,  ( t)  log  t  -  0 , 

(11.3)  K 

rk?  (t)  log  t  »  0,  as  t  -  ”, 

for  1  <  k,  l  p.  To  exclude  the  possibility  that  -;k(t)  -  t^jft  +  tg) 
for  some  k  *  l,  and  some  choice  of  tg  and  +  or  we  assume  that 

(11.9)  max  sup  jr.  (t)[  '  1. 
k*?.  t 

However,  we  note  here  that  if  lnffc  rki(t)  =  -1  for  some  k  ♦  l , 
there  is  a  t g  such  that  rkJ(t^)  =  -1,  which  means  that  ck(t) 

=  ”5^(t+’t Q)  .  A  maximum  in  r}(t)  is  therefore  a  minimum  in  j;k(t). 


and  as  was  shown  in  the  first  section  of  this  chapter,  maxima  and  mini¬ 
ma  are  asymptotically  independent.  In  fact,  with  some  increase  in  the 
complexity  of  proof,  condition  (11.9)  can  be  relaxed  to 

maxk*l  SUpt  rkl(ti  <  X- 
Def ine 


M.  (T)  =  sup;',,  (t);  0<t<T},  k  =  1,  .. 


and  let  ( T )  be  levels  such  that 


2 

T-  -  T  - -  e  Uk/2 

x  2  tt  2k 


Tk  >  0 


P 


as  T  ~  Write  „  =  minfp^  ,  .  .  .  ,  u  r . 

To  prove  asymptotic  independence  of  the  M,  (T)  we  approximate  by  the 
maxima  over  separated  intervals  I.,  j  =1,  ...,n,  with  n  =  [ T/h]  for 
h  fixed,  and  then  replace  the  continuous  maxima  by  the  maxima  of  the 
sampled  processes  to  obtain  asymptotical  independence  of  maxima  over 
differeKt  intervals.  We  will  only  briefly  point  out  the  changes  which 
have  to  be  made  in  previous  arguments.  The  main  new  argument  to  be  used 
here  concerns  the  maxima  of  ^(t),  k=l,  ...,p  over  oks  fixed  inter¬ 
val,  X,  say. 

We  first  state  the  asymptotic  independence  of  maxima  over  disjoint 
intervals . 


LEMMA  11.7  If  rfc,  r^  satisfy  ( 11 . 7 ) - ( 11 . 9)  for  1  '  k,  l  '  p, 
and  if  T^k  ->•  >  0,  then  for  h  >  0  and  n  =  [T/h], 

PfM^tnh)  <  u y.,  k  =  1 ,  — ,  pi  -  Pn{M^(h)  ^u^,  k  =  l,  — ,  p}  -  0. 

PROOF  This  corresponds  to  (11.6)  in  the  proof  of  Theorem  11.5,  and  is 
proved  by  similar  means.  It  is  only  the  relation 

n 

(11.10)  P(?k(jq)  < u,  ,  jq  £  u  I_,  k  = 1 ,  ...,p}  - 
*  K  r=l  r 

n 

-  n  pU.  (jq)  ,  jq  e  ir,  k  =  i,  ...,p}  -  o, 

r-l  *  *  r 


corresponding  to  Lemma  ii.3  (ii,  chat  has  to  he  given  a  different  proof. 

Identifying  ,  r,  in  Lemma  3.2  with  Z.ijq),  ...,  i  <:q;, 

n  1  n  p 

jq  £  U  I  ,  and  n,,  analogously,  but  with  variables  from  diffe¬ 
rs  r  1  11 

rent  I^-intervals  independent,  l.£  gives,  since  sup  rkJ(t;  "  1, 

n 

i p;  ;;k  <  jq)  1  -Jk.  iqt  o  I  ,  k»i,  ...,p-  - 

r  =  i 

n 

'  r2  '  V:qi  -  V  ]q  6  Ir  '  *  =  L'  •••'?• 

p  ,  -u2/'l+  r.  (  ( i- j )  q)  ) 

(11.11)  '  K  L  Z  ]r,  (  (i  -  j)q)  ;  e  + 

k=l  i'j  K 


-u2(l 


+  K 


l<k*l<p  i< j 


;rki((i-3)q) 


rk^Ci-Dq) 


* 

where  Z  as  before  indicates  that  the  sum  is  taken  over  i,  j  such 
that  iq  and  jq  belong  to  different  I  .  Since  both  r.  (t)  log  t  ->•  0, 
rk^(t)  log  t  -  0  and  sup'r^ft)  '  1  we  can,  as  in  Lemma  7.1  (ii), 
conclude  that  both  sums  in  (11.11)  tend  to  zero. 


LEMMA  11.8  If  rk,  rfci  satisfy  (11.7)  and  (11.9),  for  1  <  k ,  i  <  p, 
then 

(i)  P{Mk(h)  >uk,  M^(h)  >ui}  =  o{uk+ul)  for  k  *  l, 
and 

P  P 

(ii)  P(M  (h)  <u  k=l,  ...,p)  =  1  -  I  P f M,  ( h )  >u.  }  +  o(  Z  uj. 

k  k  k=l  k  k  k=l  k 

PROOF  (i)  As  in  the  proof  of  Lemma  11.4  it  is  enough  to  prove  that,  if 
q  -*•  0  so  that  ukq  ~  u^q  •*  0  sufficiently  slowly, 

P{  max  £,  ( jq)  >  u,  ,  max  £. ( jq)  >  u.  }  =  o  (u.  +  u  , )  . 

0<jq<h  0< jq<h  *  1  K  1 

Since,  for  r  =  k,  i, 

P{  max  £  (jq)  >u  !  =  o  (u  ) 

0< jq<h  r  r 


it  clearly  suffices  to  prove  that 


(11.12)  P-  max  fjqj 
Q13q:h  * 


J Hi  '  u  j 


0'3q<r. 


-  P:  max  '  ( iq)  ?■  max  (iq,  -  u,  .  *  o'_, 

O'jq'h  '  O'jq'h 

To  estimate  the  difference  we  again  use  Lemma  3.2  with  defined  by 


r,  ,  r  , ,  and  r,  .  ,  and 
it  J.  k  v. 


obtained  fcv  taking  r,  .  identically  zero. 
*  3  .<  /.  1 


Elementary  calculation  show  that  the  differer. 


re-  i  -  i  •  i 


P;  max  (jq)  '  a.  ,  max  (jq)  u  •  - 
O'jq'h  O'jq'h 


-  P(  max  (jq>  'a.  »P:  max  r  !  ;q)  '  u ,  ;  , 
0-jq^h  O'jq'h 


which  by  Lemma  3.2  is  bounded  in  modulus  by 
X 


(11.13) 


Z  ,r.  (  (i  - j)q)  ;  (1  -  r2  ( (i  -  3)0)  )  x/ 2 

0<iq,  jq:h  *'•  K/- 


-u/ll  +  rkJ ((i-j)q)  ) 

•  e 

with  u  =  min(uk>  u?). 

Now,  by  (11.9),  sup  1 rkJ ( t)  |  =  1-5  for  some  5-0,  and  using  this, 
we  can  oound  (11.13)  by 

Kh2q  2  exp (-U2/ (1  + 1  -  6 ) ) 

=  Kh2  y^n^(uq,"2u2  exp(-u2'2TT=Tr)  (“k  +iV 

=  o(tk  +»t) 

if  uq  •*  0  sufficiently  slowly,  since  <S  (u)  /  ( „k  +  ..  ,  ;  is  bounded. 

(ii)  This  follows  immediately  from  part  (i)  and  the  inequality 
P 

Z  PfM,  (h)  -u.)  -  Z  P { M,  ( h )  >u.,  M,(h)  >  u.  } 

k=l  k  k  l-rk-f.-p  X  x  1  1 

P  P 

'  P(  u  (M  (h)  -  u.  })  <  Z  P { M,  ( h )  >  u.  ).  a 

k=l  K  *  k=l  *  * 


Reasoning  as  in  the  proof  of  Theorem  7.6,  and  using  Lemma  11.7  and 
Lemma  11.8  (ii)  we  get  the  following  result. 


u,  'Tj  *  ■"  as  T  ♦  ®,  sc  tr.at  T... 

K  X 

,  -  7 ,  I  it  '  o,  ar.d  s.r;r/.;5  that 

X  -  ~ 

11.9  .  Then 

p 

P1  M,  (T)  '"a.  ,  k  =  1 . o  ;  -  exp  !-  1  ■ ,  i 

K  "  *  ‘  k=l  K 

as  T  *  •» . 


THEOREM  11.9  Let  uk  = 

T  - -  ,  2  ... 

=  27  "2k  exp{-uk/2>  * 

r.  .  ( t)  satisfy  '  1 1 . 7 ; - ; 
kl  1 


Under  the  same  conditions  as  in  Theorem  ii.9,  the  time-normaiizec 
point  processes  of  u^-upcrossings  tend  jointly  in  distribution  to  p 
independent  Poisson  processes  with  intensities  -  The  precise  formula 
tion  of  the  theorem,  and  its  proof,  is  left  to  the  reader. 


We  end  this  chapter  with  an  example  which  gives  an  illustration  to 
the  extraordinary  character  of  extremes  in  normal  processes. 

Let  ''-'(t)  t  and  m  ( tt )  be  independent  standardized  normal  proces¬ 

ses  whose  covariance  functions  r„  and  rr  satisfy  (7.1)  and  (7.2), 


let  c,  ,  k  =  l,  ...,p,  satisfying  c. 
constants,  and  define 


1,  and  c^  *  cjt  k  *  ,  be 


?k(t)  =  ck;(t) 


„2.  */2- 
V  l(t)- 


Then  the  processes  lk  ( t)  ,  k  =  l,  ...,p  are  jointly  normal  and  their  co 
variance  functions  rk(t)  and  crosscovariance  functions 

rkl(t)  =  ckc2r;(t)  +  (1  "  1/2d  -  cf)1/2rri(t) 


satisfy  (11 . 7)  -  ( 11 . 9 )  .  Thus,  even  though  ^(t),  ...,  5  (t)  are  linear 
ly  dependent,  their  maxima  are  asymptotically  independent. 

We  can  illustrate  this  geometrically  by  representing  (!(t),  r,  (t)  ) 
by  a  point  moving  randomly  in  the  plane.  The  upcrossings  of  a  level  u^ 
by  C^ft)  then  correspond  to  outcrossings  of  the  line 

ckx  +  (1  -  c2)  1//2y  =  uk 


by  C ( t)  ,  n  (t)  )  ,  as  illustrated  in  the  following  diagram. 


HA? TER  12 


MAXIMA  AND  CROSSINGS  IF  NCN'-  II F7E  RE  N'T  I  A3  IE  N  2  RMAL  RRCCESSE5 

The  basic  assumption  of  toe  previous  chapters  has  beer,  tr.at  the  covari¬ 
ance  function  r  (-/  of  the  stationary  normal  process  "ft-  r.as  ar.  ex¬ 
pansion 

2  2 

r(T)  =  1  -  .*  ,r  /2  +  o(*  1  as  -  *  0. 

In  this  chapter  we  shall  consider  the  more  general  class  of  covariance 
functions  which  have  the  expansion 

(12.1)  r(T)  =  1  -  C,T|3  +  o  ( I t ; a )  as  t  -  0, 

where  i  is  a  constant,  0  '  a  '  2,  and  C  is  a  positive  constant. 

This  includes  covariances  of  the  form  exp(-  r;  ),  the  case  i  =  1 
being  that  of  the  Ornstein-Uhlenbeck  process.  Note  that  we  may  take 
a  =  2  in  (12.1)  so  that  all  results  of  this  chapter  are  indeed  true 
also  for  the  regular  case  previously  studied;  cf.  Theorem  12.9. 

If  a  <  2  we  cannot  expect  a  Poisson  result  to  hold  for  the  upcross 
ings  of  a  high  level,  since  r  is  then  not  twice  differentiable,  imply 
ing  that  >2  =  00  >  and  hence  the  mean  number  of  crossings  of  any  level 
in  any  interval  is  infinite  by  Rice's  formula.  Furthermore,  it  can  be 
shown  that  at  every  point  t  where  a  crossing  occurs,  there  are  an  un¬ 
countable  number  of  crossings  in  every  neigbourhood  of  t.  However,  it 
is  certainly  possible  for  the  maximum  M(T)  to  have  a  limiting  distri¬ 
bution.  The  point  is  that  while  upcrossings  may  be  infinite  in  number, 
(12.1)  is,  as  noted  in  Chapter  6,  p.  8 ,  sufficient  to  guarantee  con¬ 
tinuity  of  the  sample  paths  of  the  process,  and  thus  ensure  that  M(T) 
is  well  defined  and  finite. 

We  shall  in  fact  show  that  aT(M(T!  —  t>T )  has  a  limiting  double  ex¬ 
ponential  distribution  if  the  normalizing  constants  are 


(12.2; 


bT  =  (2  log  T.i 


1/2 

1/2 


-  Z  -  'L 


( 2  log  T; 


1/2 


*  logiC^H  (27)-I/22'Z”l'/5 


where  H  ^  is  a  certain  strictly  positive  constant. 

This  remarkable  result  was  first  obtained  by  Pickands  (1969,,  al¬ 
though  his  proofs  were  not  quite  complete.  Complements  and  extensions 
have  been  given  by  Berman  (1971b),  Qualls  and  Watanabe  (1972),  and 
Lindgren,  de  MarS,  and  Rootzen  (1575).  The  method  of  Pickands  has  some 
particularly  interesting  features,  in  that  it  uses  a  generalized  notion 
of  upcrossings  which  makes  it  possible  to  obtain  a  Poisson  type  result 
also  for  a  <  2. 

Specifically,  Pickands  considers  what  he  terms  £-u p'jruaa .  Given 
z  -  0,  the  function  f(t)  is  said  to  have  an  c-upcrossing  of  the  level 
u  at  tQ  if  f  ( t)  <  u  for  all  t  £  (tQ  - e , tQ)  ,  and,  for  all  ''  0 , 
f(t)  >  u  for  some  t  £  (tg.tg  +r, ).  Clearly,  this  is  equivalent  to  re¬ 
quiring  that  is  has  a  (non-strict  or  strict)  upcrossing  there,  and 
furthermore  f(t)  '  u  for  all  t  in  (tg-e-.tg).  An  £ -upcrossing  is 
always  an  upcrossing,  while  obviously  an  upcrossing  need  not  be  an  t- 
upcrossing . 

Clearly,  the  number  of  t-upcrossings  in,  say,  a  unit  interval,  is 
bounded  (by  1/t)  and  hence  certainly  has  a  finite  mean.  Even  if  this 
mean  cannot  be  calculated  as  easily  as  the  mean  number  of  ordinary  up¬ 
crossings,  its  limiting  form  for  large  u  has  a  simple  relation  to  the 
extremal  results  for  M (T) .  In  particular,  as  we  shall  see,  it  does  not 
depend  on  the  t  chosen. 

The  main  complication  in  the  derivation  of  this  result,  as  compared 


to  the  case  n  =  2 ,  concerns  the  tail  distribution  of  M(h)  for  h 
fixed,  which  cannot  be  approximated  with  the  tail  distribution  of  the 
simple  cosine  process  if  ct  <  2 . 
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Now,  let  6  >  0  and  introduce  the  event 

A  =  U  {  max  - ?  .  /?  >  (2B  (p  +  1) ) 1/2 } . 

P=0  0<k<2p-l  E(^<k'p)  > 

If  B  >  log  2,  Boole's  inequality,  together  with  (12.5),  implies 
00  2P-1 

P  (A)  <  E  E  P{ - C  (k-'p) , 75  >  (2B(p +  1))1/2} 

p=0  k=0  E(?(k,p)  )1/ 

<  E  2pe"6(p+1)  =  e“8/(l  -  e” (6“  109  2) )  , 

p=0 

so  that  if  B  >  2  log  2,  then 
(12.6)  P (A)  <  4e~6. 

But  for  B  <  2  log  2  this  holds  trivially  (since  P (A)  <  1)  and  we  can 
therefore  use  (12.6)  for  all  values  of  B  >  0. 

Next,  note  that  on  the  complementary  event  A*,  all  the  inequalities 

|  C  (k,p)  I  <  E(?(k,p)2)1/2  •  (2B(p+l))1/2 

hold  for  p  =  0,  1,  . . . ;  k  =  0,  1,  . . . ,  2P-1,  and  that  (12.3)  implies 
that 


E(C(k,p)2)  <  C  2"(p+1)0t. 


Thus,  by  (12.4)  we  conclude  that  on  A*, 


|C(t)  - C  (0) | 


<  E  C1/22~(p+1)0‘/2(28(p+l))1/2  = 

p=0 


say. 


and  that  consequently,  by  (12.6), 

P{  sup  |  C  (t)  -5(0)  |  <  /3g-  }  <  4e~8. 

0<t<l  ,Ca 

2 

The  conclusion  of  the  lemma  now  follows  by  choosing  6  =  cax  /C,  since 

P{  sup  5(t)  >  x}  <  P{  sup  |  ^  ( t)  -5(0)1  >  x/2)  +  P(5  (0)  >x/2) 
0<t<l  0<t<l 


4e 


-cax2/C 


1  -x2/8o2 

2  e 


+ 


□ 


With  this  result  out  of  the  way  we  return  to  the  process  (5(t)} 

with  covariance  function  r(t).  When  considering  the  distribution  of 

continuous  or  discrete  maxima  like  sup  5(t)  and  max  5(jq )  for 

0<t<h  0<jq<h 

small  values  of  h,  it  is  natural  to  condition  on  the  value  of  5(0). 

In  fact,  the  local  behaviour  (12.1)  of  r(t)  is  reflected  in  the  local 
variation  of  5(t)  around  5(0).  For  normal  processes  this  involves  no 
difficulty  of  definition  if  one  considers  5(t)  only  at  a  finite  number 
of  points,  say  t  =  t  ^ ,  j*l,  ...,n,  since  conditional  probabilities 
are  then  defined  in  terms  of  ratios  of  density  functions  (cf.  Chapter  6 
p.  16 ) •  Thus  we  can  write,  with  tg  =  0, 

u 

P{  max  5<t.)  <  u }  =  /  $(x)P{  max  5(t.)  <u|£(0)  =x)  dx, 
j=0,...,n  -1  -<*>  j=l,...,n  -1 

where  the  conditional  probability  can  be  expressed  by  means  of  a  (condi¬ 
tional)  normal  density  function  (cf .  Chapter  10  p.  66) .  In  particular  the 
conditional  probability  is  determined  by  conditional  means  and  covari¬ 
ances. 

For  maxima  over  a  real  interval  we  have,  e.g.  with  t^  =  hj2  n, 
j  =  0 . 2n, 

P{  sup  ^(t)  <u}  =  lim  P{max  £(t.)  <u}, 

0<t<h  t^  ^ 

which  by  dominated  convergence  equals 
u 

/  4>(x)  lim  P{max  5<t.)  <u[£{0)  =x)  dx 

“  oo  n-^co  t . 

3 

Now,  if  the  conditional  means  and  covariances  of  5(t)  given  5(0) 
are  such  that  the  normal  process  they  define  is  continuous,  we  define 

P{  sup  5 (t)  <  u  |  5  (0)  =  x) 

0<t<u 

to  be  the  probability  that,  in  a  continuous  normal  process  with  mean 
E(£(t)|£(0)  =x)  and  covariance  function  Cov ( 5 (s) , 5 (t) | 5 (0)  ■  x) ,  the 
maximum  does  not  exceed  u.  Then  clearly 
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lim  P(max  C  ( t . )  <u|C(0)  =x>  =  P{  sup  C(t)  <u|5(0)  =x}. 
n-*-00  t.  ^  0<t<h 

J  ~  ~ 

In  this  case  we  have,  by  dominated  convergence, 

u 

P{  sup  ^  ( t )  <u}  =  I  $(x)P{  sup  C(t)  <u|C(0)  =  x }  dx . 

0<t<h  -<»  0^t<h 

In  the  applications  below,  the  conditional  distributions  define  a  con¬ 
tinuous  process,  and  we  shall  without  further  comment  use  relations 
like  this. 

To  obtain  non-trivial  limits  as  u  -*  °°  we  introduce  the  rescaled 
process 

eu ( t)  =  u(f (tq)  -  u)  , 

where  we  shall  let  q  tend  to  zero  as  u  -*■  ».  Here  we  have  to  be  a 
little  more  specific  about  this  convergence  than  in  Chapter  7,  and  shall 

y  /  n 

assume  that  u  '  q  -*■  a  >0,  and  let  a  tend  to  zero  at  a  later  stage. 

LEMMA  12.2  Suppose  u  -»  «,  q  •»  0  so  that  u2//aq  •*  a  >  0 .  Then 

(i)  the  conditional  distributions  of  £u(t)  given  that  Cu(0)  =  x, 
are  normal  with 

E('’u(t)  i’u(0)  =  x)  =  x  ~  Ca“  1 1 1  01  ( 1  +o(l)  )  , 

Cov  (£u  (s)  ,  Cu<t)if'u(0)=x)  =Ca3(|s|a  +  |ti3-|t-s|a)  +  o  (1) 

where  for  fixed  x  the  o(l)  are  uniform  for  max ( ] s | , ! t | )  <  t^,  for 
all  tQ  >  0, 

(ii)  for  all  tQ  •>  0  there  is  a  constant  K,  not  depending  on  a  or 
x,  such  that,  for  (s[,!t|  '  tQ, 

Var(^,u(s)  ~  ^u<t)  Ku(0)  =  x)  <  Ka3  1 1  -  s  ]  0  . 

2 

PROOF  (i)  Since  the  process  { f; u  ( t )  >  is  normal  with  mean  -u  and 
covariance  function 

Cov(£u(s),  %u(t))  =  u2r((t-s)q) 
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we  obtain  (see  e.g.  Rao  (1973),  p.  522)  that  the  conditional  distribu¬ 
tions  are  normal  with 

E(£  (t)|£  (0)  =  x)  =  -u2  +  u2r(tq)  •  -4(x+u2) 
u  u 

=  -u2  +  (1  -  Cqa  j  1 1  01  +  o(qa)t|a))  (x  +  u2) 

=  x  -  (x  + u2) (Cq* ! t i a  + o (qa I t I “) ) 

=  x  -  Caa  1 1 1  a  ( 1  +o(l)  )  , 

since  u2qa  •»  aa  >  0  and  x  is  fixed.  Furthermore, 

Cov  (  (s)  ,  5  (t)Uu(0)  =x)  *  u2(r((t-s)q)  -  r  (sq)  r  ( tq)  ) 

=  u2 ( 1  -  Cqa 1 1  -  S | a  -  ( 1  -  Cqa | s | a)  (1  -  Cqa | 1 1 a)  +  O (qa) ) 
=  Caa( |s|“  +  |t|“  -  jt  - s|“)  +  0(1)  , 
uniformly  for  max ( | s j , | t | )  <  t^. 

(ii)  Since  £u(s)  -  £u(t)  and  5U(0)  are  normal  with  variances 

2  2  2 
2u  (1  -  r ( (t  -  s)q) )  and  u  ,  respectively,  and  covariance  u  (r(tq) 

-  r  (sq) ) ,  we  have,  for  some  constant  K, 

Var(£u<s)  -  s;u(t)  Uu(0)  =  x> 

=  2u2  (1  -  r  (  (t  -  s)  q)  )  -  u2(r(tq)  -r(sq))2 

<  2Cu2qa j t  -  S j a  + o (u2qa 1 1  -  s | tt) 

<  Ka a 1 1  -  s |a, 

for  |s  |,  1 1 1  <  tQ.  D 

The  first  step  in  the  derivation  of  the  tail  distribution  of  M(h)  = 
sup{£(t)s  0<t<h)  is  to  consider  the  maximum  taken  over  a  fixed  number 
of  points,  0,  q,  ...,  (n -  l)q. 

LEMMA  12.3  For  each  C  there  is  a  constant  h  (n,a)  <  00  such  that, 
if  u  +  ®,  q  -*  0,  u2//*q  *  a  >0,  then 

Pf  max  ^  ( jq)  >  u  )  ■*  C1/a  Hrl(n,a)  . 

0  <  j  <n  ° 


1 


-95- 


PROOF  We  have 


P{  max  5(jq)  >u}  =  P{  max  £  (j)  >0} 
0<j<n  0<j<n 


=  P{£..  (0)  >0}  +  PU„(0)  <0,  max  E  (j)  >0}, 
u  u  0< j<n  u 


where  p{£u(0)  >0}  *  PU(0)  >u}  =  1  -  $(u)  ~  $(u)/u.  Since  furthermore 

2  2 

£u(0)  is  normal  with  mean  -u  and  variance  u  ,  we  have 

PUu(0)  <0,  max  £  (j)  >0} 

0<  j  <n 

0  ! 

(12.7)  =  /  i  <fr(u+i)  P{  max  £  (j)  >0|£  (0)  =xldx 

-oo  0<j<n 

0  2  2 

=  !  e-x-x  /2u  P{  max  (£  (j)  -  x)  >-x|£  (0)  =x}dx. 

u  -«  0<j<n 

By  Lemma  12.2  (i) ,  for  any  fixed  x, 

E(£u(j>  -x|CuC0)  =x)  -  -Caa  |  j  |a, 

Cov(Cu(i)  -x,  Cu(j)  -x|eu(0)  -x)  -  Caa(|ir  +  |j|“  -  |  i- j  J  “) 

as  q  *  0.  Since  limits  of  covariances  are  covariances,  one  can  define 
a  sequence  of  normal  r.v.'s,  Y  ( j) ,  j  *1,  2,  ...  with  mean  and  covari- 

d 

ances  depending  on  a  =  lim  qu2//a, 

E(Ya(j))  =  -Caa | j | a, 

Cov(Y  (i),  Y  ( j) )  =  Caa(|i|a  +  | j|a  -  |i-j|“) . 

a  cl 

Now  convergence  of  moments  implies  convergence  in  distribution  for 

jointly  normal  r.v.'s  (as  can  easily  be  seen,  e.g.  using  characteristic 

functions).  The  boundary  of  the  set  {  max  Y  (j)  >-x)  is  contained  in 

0<  j<n 

the  set 


u  {Y  ( j)  35  —x } 

3-1 

and  since  the  one-dimensional  distributions  of  Y,  (1),  ...,Y  (n-1) 

3  a 

are  all  non-degenerate,  {  max  Y  (j)  >-x}  is  a.s.  a  continuity  set, 

C  <  j  <  n 
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and  it  follows  that 


p{  max  (£  ( j)  -x)  >-x|E  (0)  =x}  -►  P{  max  Y  (j)  >-x}. 

0< j<n  u  u  0< j<n  a 

To  be  able  to  use  the  dominated  convergence  theorem  in  (12.7)  we  note 

that,  by  Lemma  12.2  (i) , 


P{  max  (E  ( j)  -x)  > -x ] £  (0)  =x} 
0< j<n  u 


<  1  P{£,,(j)  -x  >-x|£  (0)  =x} 

j=l  u  u 

<  n(l  -i(c‘-c"x))  <  n  i 

for  come  constants  c’ ,  c"  >  0.  This  shows  that  the  convergence  in 
(12.7)  is  dominated,  and  we  obtain 


i  u  -X 

p{  max  £(jq)  >ul  ■+  1  +  /  e  P{  max  V  ( j )  > -x}dx  <  “, 


<M~u)~7u  Flnmax 
"  o<T<n 


-oo  0  <  j  <  n 


which  proves  the  existence  and  finiteness  of  the  constant  Ha(n,a).  o 


For  future  use  we  note  the  following  expression  for  the  constant 
Ha(n,a) s 

(12.8)  H  (n,a)  =  c"1/a(l  +  /  e"XP{  max  Y  (j)  > -x}dx)  . 

a  '  -0=  0<  j<n  3  1 

LEMMA  12.4  Suppose  u  +  «,  q  +  0,  u^aq  a  >  0,  and  take  h  such 

that  sup  r(t)  <  1  for  all  e  >  0.  Then,  for  each  C, 

e<t<h 

(i)  there  is  a  constant  H  (a)  <  ®  such  that 

a 

H  (n,a) 

- —  -  Ha(a)  as  n  -  oo, 

and 

-mr - p<  max  >u)  -  h  c1/a  h  (a), 

u  /a$(u)/u  Q< jq<h  a 

(ii)  Ha(aQ)  >  0  for  some  aQ  >  0. 
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PROOF  (i)  Let  n  be  a  fixed  integer,  write  m  =  [h/nq],  and 


Br  =  {  max  5(jq)  >u}, 
rn<3< (r+1) n 


P(  U  B  )  <  p{  max 

—  _  A  ^  ~ 


0< jq<h 


5  ( jq)  >  u}  <  P(  u  B  )  , 


where,  by  Lemma  12.3, 


P<r=0  Bf)  1  (m+1)P(B0>  ~  (m  +  1)  MHL  c1^  Ha(n,a) 


~  iM  cl/a  H 

na  u  L  "a  n'a) 


since  1/q  ~  u  “/a  by  assumption.  Hence 

(12.9)  lim  sup  -  P{  max  C(jq)  >u}  <  h  cl/o  Vn'a) 

u-"»  U  <p  (u)  /u  0<jq<h  “  na 

Furthermore 


*  IU—  ± 

P(  U  B  )  >  I  P(B  >  -  L  P(B  n  B 
r=0  r=0  r  r+s  r  * 

m-1 

1  nP<B0>  -  m  l  P(B-  n  b  ) 
r=l  u  r 


so  that 


(12.10)  lim  inf  -Jr" -  P(V  B  )  >  h  C1/a  H(n»a> 


u-«  u  '  $(u)/u  r=0 


lim  sup  - -  m  l  P(B  n  B  ) 

u-»  u"'B$(u)/u  r-l  0  r 

_  k  ^1/a  H (n, a) 

h  c  ~7 '  say- 


We  shall  now  show  that 


(12.11)  p  =  lim 


m  I  p(b  n  b  )  -►  o 


*»  *  4/n  II  B 

u—  U  /%(u)/u  r=l  0  r 
By  Boole's  inequality  and  stationarity 


as  n  ♦ 


-98- 


m  E  P  (Bq  fl  3r)  = 


m-1 

=  m  E  P(  U  U  (S(iq)  >u,  £(3q)  >u}) 

r=l  0<i<n  rn<j<(r+l)n 

(12.12) 

n-1  mn 

<  m  l  l  P(5(iq)  >u,  5  <  jq)  >  u} 

i=0  j=n 

n 

<  m  E  j  P(C(0)  >u,  C(jq)  >  u) 

3=1 

mn 

+  mn  E  p{£(0)  >  u,  C(jq)  >u}. 
j=n+l 

To  estimate  these  sums  we  have  to  use  different  techniques  for  small  and 
large  values  of  jq.  Let  £  >  0  be  such  that 


1  >  1  -  r(t)  >  £  Jt|a  for  Itl  <  s. 
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m  z  j  p(c<0)  >u,  Ujq)  >u) 

j=l 


4>  ( u) 


(a  a . 


(12.15) 


<  2m  I  j  ^^-(1  -  }>Kj  a  )  ) 
j=l  u 

~  2h  ,  1  J.  j  (1  -  $yKjaa01)  ) 


q  u  n 


.2/0, 


j=l 


<u - LtuL.iLlhi  £  j  (1  -*,Vaan 

u  a  n  j=l 

for  some  constant  K' .  Since  1  -  $(x)  <  $(x)/x  the  sum 


l  j  (1  -$(/Kj<V1)) 

3=1 

is  convergent,  and  since  nq  *  0  as  u  ■»  <»  (n  fixed) 


(12.16)  lim  sup  -  rr- -  m  Z  j  P  { C  ( 0 )  >u,  £(jq)  >u}  =  0(l/n) 


U-»®  u  0(u)/u  j  =  l 


as  n 


For  the  second  sum  in  (12.12)  we  get,  again  using  (12.13), 
[e/ql 

mn  I  P{?  (0)  >u,  £(jq)  >u} 
j=n+l 


(12.17) 


<  K"h  u2/Ct<ii(u) 

-  qu2/a  u  j-n+1 


Z  (1  -  4>  (/Kjaaa)  )  . 


where  the  sum  is  convergent.  For  terms  with  jq  >  e  we  use  the  esti¬ 
mate  from  Lemma  3.2, 

2 

P(C(0)  >u,  C  ( jq)  >u)  <  (1  -  <t>  (u)  )  2  +  Ke'u  /  ( I  ^  ( jq)  | )  f 

which  implies  that 
mn 


mn  I  P(S(0)  >  u,  £  ( jq)  >u) 
j=[e/q]+l 


<  (— )  2  (1  -  4>  (u) }  2  +  ^  1  e-u  /  (1+  I  r  ( jq)  I ) 

^1 


g  e<jq<h 


sup  |r(t) |  <  1,  this  is  bounded  by 

e<t<h 


Since  6 
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4  (l-.lu))2  +  «•!  e-»2/u*<) 


°2/a^<u)  (K  - y. 


u_  W 

‘2  *1+6 


2/a  2 
u  q 


+  o(l)  ) 


(12.18) 


-  u2-/C^(-u)  »o(l)  as  u 


,,  2/a  2.  1+2/a  ,2  ,  .  _  . 

since  u/(u  q  )  ~  u  /a  and  6  <  1. 

Together,  (12.17)  and  (12.18)  imply  that 


mn 


lim  sup 


,2/a 


mn  I  P{£  (0)  >u,  £(jq)  >u) 


u-*«>  u  '  (p  ( u )  /u  j=n+l 

•  r - — 

=  K*  Z  (1  -  i(/Kjaaa)  )  -  0,  n  -*•  °°, 
j=n+l 

and  combining  this  with  (12.16)  and  (12.12)  we  obtain  (12.11). 

Thus  we  have  shown  that 


1/a  Ha(n,a) 

h  pn^  lin:inf  -JK 


P{  max  5  ( jq)  >  u} 


u  '  4>(u)/u  0<jq<h 
<  lim  sup  1 -  P(  max  C  ( jq)  >0} 

li  '  /  111  /it  ft/' 


u-m»  u  '  0(u)/u  0<jq<h 


<  hC 


1/a  Hg(n'a) 


na 


where  pn  -*•  0  as  n  -*■  <».  Since  Ha(n,a)  <  »  for  all  n,  and  the 

lim  inf  and  lim  sup  do  not  depend  on  n,  this  implies  the  existence 

of 


lim 


H  (n,a) 


=  Ha(a), 


which  is  then  the  joint  value  of  lim  inf  and  lim  sup.  Furthermore 
this  proves  that  Ha(a)  <  00  • 

(ii)  Take  e  >  0  small  enough  to  make 

1  >  l-r(t)  >  2K 1 1 1 a ,  some  K  >  0, 

for  | t |  <  e.  Applying  (12.15),  we  obtain  for  |h|  <  e. 
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The  following  three  lemmas  relate  the  continuous  maximum  sup  C(t) 

0<t<h 

to  the  discrete  one  max  £(jq).  We  first  prove  that  we  can  neglect 

0< jq<h 

the  probability  that  the  discrete  maximum  is  less  than  u  -  y/u  and 

Q 

the  continuous  is  greater  than  u,  as  y  =  a  -*■  0 . 


LEMMA  12.5  Let  u  -»  <»,  q  •*  0 ,  u^aq  a  >  0 ,  and  let  y  =  a®  for  some 
positive  constant  6  <  a/2.  Then 


v  =  lim  sup  -  P{  max  £(jq)  <u-*f  sup  ?(t)  >  u} 

u-+<»  u  '  <j>(u)/u  0<  jq<h  0<t<h 

-  0  as  a  •*  0. 


PROOF  By  Boole's  inequality  and  stationarity 


P{  max  £(jq)  <u-^,  sup  C  <  t)  >  u} 

0<jq<h  0<t<h 

<  j;  P  { C  ( 0 )  <u-^,  sup  £(t)  >u}, 
q  o<t<q 

and  with  Su(s)  =  u({;(sq)  -  u) ,  we  can  write 
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P  C  €  ( 0 )  <u-q,  sup  £(t)  >u} 

°<t<q 

u-y/u 

=  /  { x )  P  {  sup  £(t)  >u|£(0)  =x}dx 

x=-<”  0<  t<q 


"Y  1  v 

=  /  -  4>(u+*)  P{  sup  £  ( s)  >  0  J  £  (0)  =  y}dy. 

y  =  — oo  0  <  S  ^  1 

By  Lemma  12.2  (1),  the  conditional  distributions  of  £u(s)  given 
£u(0)  =  y  are  normal  with  mean 

v  (s)  =  y  -  aa|s|a(l  +o(l))  as  q  -►  0 

with  the  o(l)  uniform  in  ]s|  <  1.  Here  u(s)  <  y  for  small  q,  and 

p{  sup  £  (s)  >  0  |  £  (0)  =  y}  <  P{  sup  (£  (s)  -  u  (s) )  >-y|£„(0)  =  y ; , 
C <s<l  u  u  0<s<l  u 

where,  conditional  on  £u(0) ,  £u(s)  -  M(s)  is  a  non-stationary  normal 

process  with  mean  zero  and,  by  Lemma  12.2  (ii) ,  incremental  variance 

Var(£u(s)  -  (t)  1  Cu<0)  =Y)  5  Kaa|t-s|a, 


for  some  constant  K  which  i3  independent  of  a  and  y.  Fernique's 
Lemma  (Lemma  12.1)  implies  that,  with  c  =  ca/K, 

p{  sup  (£  (s)  -  u  (s) )  >-y|£,,(0)  =  y }  <  4  exp(-ca  ay2)  , 

0<s<l  u  u 

and  thus,  using  K  and  c  as  generic  constants, 

-j-7— -  P{  max  £  ( jq)  <u-£,  sup  £(t)  >u} 

u  '  $(u)/u  0<jq<h  0<t<h 


h 

"27a 


"Y 


qu  $(u)  -» 


I  o 

/<) i(u+^)  •  exp (-ca  °y  )dy 


qu 


277 


-y  -a  2 

/e-y-ca  y  dy 


K 

/e"ca  V  dy 

2/a 

qu 

—  00 

Kaa/2_ 

1  $(-caS"a/2) 

Clearly,  this  tends  to  zero  as  a  0,  since  8  <  a/2,  which  proves  the 


lemma . 


o 
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LEMMA  12.6  If  u  -*■«>.  n  n  ,,2/a_  .  _  .  „  .  R 

-  '  H  u'  u  q  •*  a  >  0,  and  y  =  ap  for  some  con¬ 
stant  8  >  0,  then,  with  h  as  in  Lemma  12.4, 

lim  — — - 

u->°°  u^/a0(u)/u 

PROOF  Since  u2/ag  -  ; 
more 


P(u-1<  max  Ujq)  <u)  =  h(eY  -l)c1/a  H  (a) 
0<iq<h  a 

>  0  implies  (u-^)2/aq  -  a,  and  since  further- 


(u_I)2/a  »(u-u} 

U  Y 

n  — 


eY  u2/ad)(u) 


as  u  -*■  <*>,  it  follows  from  Lemma  12.4  (i)  that 
1 


u2  a$ (u) /u 


p{u  "u  <  Ujq)  <  u} 

0< jq<h 


U2/%(U)/U  (P{0<TqV(jq)  >U'u}  -p{„max,  «(jq)  >U» 


heyc1/aH  (a)  -  hC1/aH  (a). 


0< jq<h 


jjg.MMft.,12.7  Under  the  conditions  of  Lemma  12.4, 

U  /  ~  \  ^  1  ,  —  .  _  1 


(i) 

(12.19) 


h  CJ 


Ha(a)  <  lim  inf 


U-oo  u^(u)/u  *  0<t<h 

-  lim  SUP  ~27a  * — — —  P(  sup  C(t)  >u) 
u—  u^/a(!,(u)/u  0<t<h 

<  ua  +  h(eY  -  l)C1/aHa(a)  +  hC1/aHa(a)  <  », 

for  y  =  a3,  where,  by  Lemma  12.5,  v  -  o  as  a  ♦  0 

(ii)  lim  H  (a)  =  H  ,  say 
a-0  a 


P{  sup  Ut)  >  u ) 


exists  finite,  and 

(12.20)  —  ,  i - 

u  a4>(u)/u  0<t<h 

(iii) 

PROOF  Since 


P(  sup  ?{t)  >  u)  h-  hC1/ctH 

i-  o 


Ha  is  in<3ependent  of  C, 


P{n<miVlh  Ujq)  >U)  -  P{  sup  5(t)  >u} 

0<3q<h  0<t<h 
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<  P{  max  £(jq)  £U“u«  sup  £(t)  >u} 

0<jq<h  0<t<h 

+  P(u--<  max  £(jq)  <u) 
u  0< jq<h 

+  P{  max  £(jq)  >u), 

0< jq<h 

part  (i)  follows  directly  from  Lemmas  12.4,  12.5  and  12.6. 

Further,  the  middle  limits  in  (12.19)  are  independent  of  a,  and  it 

follows  that  lim  sup  H  (a)  <  00 .  Therefore 
a-0  a 

h(eY  -  l)C1/aH  (a)  -  0 
a 

as  a  0,  and  since  -  0  it  follows  as  in  the  proof  of  Lemma  12.4 

(i)  that  lim  H  (a)  exists,  finite  and  (12.20)  holds. 
a-0  a 

For  part  (iii) ,  note  that  if  £(t)  satisfies  (2.1)  then  the  covari¬ 
ance  function  r(t)  of  £(t)  =  £(t ./C^a)  satisfies 

r(t)  =  1  -  |x|a  +  o(  |t  |a)  as  t  -  0. 


Furthermore 


-5-7- -  P{  sup  £(t)  >  u}  *  —zy- -  P{  sup  X(t)  >  u ) , 

uz/%(u)/u  0<t<h  u  /a4>(u)/u  0<t<hcl/« 

which  by  (ii)  shows  that  does  not  depend  on  C.  a 


One  immediate  consequence  of  (12.20)  and  Lemma  12.4  (i)  is  that 


lim  sup  -  -  P{  max  5(jq)  <u,  sup  £(t)  >u) 

u-°°  u  /3<f>(u)/u  0< jq<h  0<t<h 

(12.21)  =  lira  sup  f-yyr  1 -  P{  sup  £(t)  >u) 

u-  «  'u  /a$(u)/u  0<t<h 

- y 7~  1 -  Pf  max  C(jq)  >u}) 

u  /a$(u)/u  0<jq<h  ' 

=  hC1/a(H  -H  (a))  -  0  as  a-0. 
a  a 


Of  course,  (12.20)  has  its  main  interest  if  Ha  >  0,  but  to  prove 
this  requires  some  further  work. 
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LEMMA  12.8  >  0 . 

PROOF  We  have  from  Lemma  12.4  (i)  and  (ii)  that  there  is  an  a^  >  0 
such  that 


w 


lim 

n-*-oo 


na„ 


>  0. 


Let  the  sequence  Y  (j)  be  as  in  the  proof  of  Lemma  12.3,  i.e.  normal 

a 

with  mean  -Ca01 1  j  |  a  and  covariances  Caa  (|i|a  +  |j|a-|j-i|a).  Then 
we  have  f  rom  (12.7) , 

l  /  0  - 

C  /0t:i  (n,a)  =  1  +  /  e  XP{  max  Y  (j)  >-x}dx, 
a  -«  0< j<n  a 

cl/aH  (nk,a)  =  1  +  /  e  XP{  max  Y  (j)  >-x}dx, 
a  -»  0< j<nk  a 

l  /  0  _ 

CL  H  (n,ak)  =  1  +  /  e  XP{  max  Y  .  (j)  >-x)dx. 
a  -»  0< j<n  aK 

Here  Y  (jk) ,  j=l,  ...,n  have  the  same  distributions  as  Y  ,  (j), 

a  dK 

j=l,  ...,n,  which  implies 


H  (n,ak)  <  H  (nk,a) 


for  k  = 1 ,  2,  . ..,  the  r.v.'s  in  Ha(n,ak)  forming  a  subset  of  those 
appearing  in  Ha<nk,a).  Thus 


Ha(n,a0) 


H  (nk,a_/k) 

0  <  H«U0)  =  iS  ^7"  1  nt:  nk~(aQ/kr  =  VV*>  ■ 


and  since  Ha(aQ/k)  -*■  as  k  -»  the  lemma  follows. 


By  combining  Lemmas  12.7  and  12.8  we  obtain  the  tail  of  the  distribu¬ 
tion  of  the  maximum  M(h)  =  sup(C(t);  0  <t  <h)  over  a  fixed  interval. 


THEOREM  12. 
such  that 

lim 

U-+0O 

where  H  > 


2  If  r(t)  satisfies  (12.1),  then  for  each  fixed 

sup  r (t)  =  6  <  1  for  all  e  >  0, 

e<  t<h  e 

-;7r,  - -  P{M(h)  >  u}  =  hC1/aH  , 

u2/%(u)/u  a 

0  is  a  finite  constant  depending  only  on  a. 


h  >  0 


o 


-  1 1 1 1'  - 


REMARK  12.10  Ir.  the  proof  of  Theorem  12.9  we  obtained  the  existence  of 
the  constant  Ha  by  rather  tricky  estimates,  starting  with 

-1/a/  ^  -x  ,  \ 

H  (n , a)  =  C  '  i  1  +  /  e  Pi  max  V  (j)  >-xidx). 

v  -■»  0<  j<n  a  ' 

By  pursuing  these  estimates  further  one  can  obtain  a  related  expression 
for  Ha, 

-1  0  -x 

Ha  =  lim  T  /  e  p{  sup  Y  (t)  >-x)dx, 

X-»«>  -■»  (Kt<T  U 

where  {Y.(t)}  is  a  non-stationary  normal  process  with  mean  - | t | * 
and  covariances  |  s  |  a  +  |t|a  -  |t-s|a.  However,  this  does  not  seem  to 
be  very  instructive,  nor  of  much  help  in  computing  . 

It  should  be  noted,  though,  that  the  proper  time-normalization  of 
the  maximum  distribution  only  depends  on  the  covariance  function  through 

the  time-scale  and  on  the  constant  H  .  Therefore,  if  one  can 

a 

find  the  limiting  form  of  the  tail  of  the  distribution  of  M(h)  (for 
some  h)  for  one  single  process  satisfying  (12.1)  one  also  knows  the 
value  of  Ha  for  that  particular  a.  For  a  =  2  this  is  easily  done, 
by  considering  the  simple  cosine-process  (6.6).  By  comparing  (6.12)  and 
Theorem  12.9,  we  find  H2  =  1//tT. 

The  only  other  value  of  a  for  which  the  tail  of  the  distribution 
of  M(h)  has  been  found  is  a  =  1.  In  fact,  explicit  expressions  for 
the  entire  distribution  of  M(h)  are  known  for  the  normal  process  with 
triangular  covariance  function  r(t)  =1-  |tj,  |t|  <1,  see  Slepian 
(1961),  and  as  a  result  one  has  H-^  =  1.  In  particular,  this  shows  that 
for  the  Ornstein-Uhlenbeck  process,  with  r(t)  =  exp(-|t|),  P{M(h)  > u} 

~  hu<t>  (u)  .  o 

Before  proceeding  to  the  maxima  over  increasing  intervals  we  formu¬ 
late  the  following  lemma  for  later  reference. 

LEMMA  12,11  Suppose  { c  < t) )  satisfies  (12.1),  let  h  >  0  be  fixed 

such  that  sup  r(t)  <1  for  all  e  >  0,  and  let 

f.<t<h 


u  ■*  °°,  q  •*  0, 
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u2,/3q  -  a  •»  0 .  Then  for  every  interval  I  of  length  h, 

0  <  P(  f ( jq)  <  u,  jq  €  I j  -  P  ;  M  ( I )  < u }  <  yho  +  o  (  y )  , 

~  "  “  a 

where  y  =  C^^H^u2^3^  (u) /u,  y  =  1  -  -  0  as  a  -  0,  and  the 

o(u)-term  is  the  same  for  all  intervals  of  length  h. 

PROOF  By  stationarity 

0  <  P(C(jq)  <u,  jq  €  I  1  -  P  •  M  ( I )  <u) 

<  P(C(0)  >  u )  +  P(C(jq)  <u,  jq  £  [  0 ,  h  ] }  -  PfM(h)  <u), 

where  P(5(0)  >u;  <  4(u)/u  =  o(y).  Therefore  the  result  is  immediate 
from  Lemma  12.4  (i), 

y  1  P(  max  £(jq)  > ui  =  hH_(a)/H  +  o(l), 

Cl  Cl 

0<3q<h 

and  (12.20), 

y”1  P(M (h)  > u)  =  h  +  o(l).  a 


Maxima  over  increasing  intervals 

The  covariance  condition  (7.2),  i.e.  r(t)  log  t  -  0  as  t  ■*  °°,  is  also 
sufficient  to  establish  the  double  exponential  limit  for  the  maximum 
M (T)  =  sup{ 5  (t)  ;  0  <  t  <  T }  in  this  general  case.  We  then  let  T  ■*  •>, 
u  -»  «>  so  that 

Ty  =  TC1/aHau2/a<Mu)/u  -  t  >  0, 
i.e.  TP{M(h)  >  u}  -►  ih.  Taking  logarithms  we  get 

2 

log  T  +  log(C1/aHa<2iT)-1/2)  +  — -logu  -  iy  -  log  x, 

implying 

u2  ~  2  log  T, 

or  log  u  *  •j  log  2  +  log  log  T  +  o(l) ,  which  gives 
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(12.22)  u2  =  2  log  T  +  2  log  log  T  -  2  log  t 

+  2  log  (C1/aHa  (2n)"1/22(2-a|/2a)  +  o(l)  . 

LEMMA  12.12  Let  c  >  0  be  given,  and  suppose  (12.1)  and  7.2)  both 
hold.  Let  T  ~  x /u  for  t  >  0  fixed  and  with  u  =  C1//a  Hau2/,a$  (u)  /u, 

so  that  u  ~  (2  log  T)  1/2  as  T  -  °° ,  and  let  q  -*  0  as  u  -  ®  in  such 

2 /a 

a  way  that  u  q  *  a  >  0 .  Then 


(12.23)  i  Z  i  r  (kq) 
q  t<kq<_T 


;e-uV(ltir(kq)|)  -»  0  as  T 


PROOF  This  lemma  corresponds  to  Lemma  7.1.  First,  we  split  the  sum  in 

ft  1-4 

(12.23)  at  T  ,  where  8  is  a  constant  such  that  0  <  B  <  y+K' 

&  =  supi | r ( t) | ;  [ t !  _>  ci  «■  1.  Then,  with  the  constant  K  changing  from 
line  to  line, 


1  Z 
<3  8 

e'kq<T 


r  (kq)  |  e 


•u2/(l+! r (kq) I )  <  T3*1  -u2/  11*6 ) 


q  (u  q> 

0  as  T  ■*  ”, 


since  exp(-u2/2)  <  K/T,  u2  ~  2  logT,  and  u2//aq  -*  a  >  0 . 

With  6  ( t )  *  sup{  |  r  (s)  log  s  I  ;  s>t),  we  have  |r(t)|  < 

£ 

t  and  hence  for  kq  >  T  , 

-u2/  ( 1+  |  r  (kq)  ! )  ,  -u2  (l-<5  (T0)  /log  T0) 

e  '  e  t 


as 


so  that  the  remaining  sum  is  bounded  by 


(12.24)  i 


T®<kq<T 


|r (kq)  | e 


-u2 (1-6 (T®) /log  T0) 


<  (— )  2e-u2(l-i5(T0)  /log  T0)  — 1 .  3  r  |  r  (kq)  |  log  kq. 

'  q  loq  T®  -r^T 


Since  r(t)log  t  •*  0,  we  also  have 


-109- 


T  E  |r (kq) | log  kq  -  0 
T6<kq<T 

as  T  -*■  while  for  the  remaining  factor  in  (12.24)  we  have  to  use  the 
more  precise  estimate  from  (12.22), 

u2  =  2  log  T  +  log  log  T  +  0(1). 

Since  6(t)  -»  0  as  t  ■*  °°,  we  see  that  for  some  constant  K  >  0, 


e-U2,l-5IT8),l„,  T6,  ,  ,.t-2(1o9  -T 
Thus,  since  u2  ~  2  log  T  and  u2^aq  •»  a, 


T  - 
q  T0<kq<T 


;  r (Kq)  | e 


■u2(1-6 (TS) /log  T6) 


<  (£)2  T-2  (log  T)"(2-a)/a  - L_  o(1) 

q  log  T8 


=  ~T h.  2  (1°9  T)2/a(log  T)-(2'a)/l  - i-y  o(l)  =  o(l), 


.  2/u  \  2  A 

(u  '  q) 

and  this  concludes  the  proof  of  the  lemma. 


log  T 


We  can  now  proceed  along  similar  lines  as  the  proof  of  Theorem 
7.6.  First,  take  a  fixed  h  >  0,  write  n  *  [T/h],  and  divide  [0,nh] 
into  h  intervals  of  length  h,  and  then  split  each  interval  into 
subintervals  Ik,  I*  of  length  h-e  and  e,  respectively.  We  then 
show  asymptotic  independence  of  maxima,  first  giving  the  following 
lemmas,  corresponding  to  Lemmas  7.4,  7.5,  respectively. 

LEMMA  12.13  Suppose  u  -  q  -  0,  u2/aq  -►  a  >  0,  (12.1)  holds,  and 
To  -*  t  >0.  Then 

n 

(i)  lim  sup  |P{M(  U I.  )  <  u)  -  P(M(nh)  <  u) I  < 

u>»  l  K  "  h' 

n  n 

(ii)  lim  sup  I  P{ C ( jq)  < u,  jq  £  U  I.  }  -  P{M(  u I.  )  <  u > I  <  to  . 


where  p  -►  0  as  a  -*  0. 

S 
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PROOF  Part  (i)  follows  at  once  from  Boole's  inequality  and  Theorem  12.9, 
since 

n 

0  <  P(M(UIk)  '  u ;  -  p{M(nh)  <  ui  <  nP  t  M  ( I  * )  >  u)  ~  npe  -  t 
since  np  ~  Tp/h  ■*  \/h. 

part  (ii)  follows  similarly  from  Lemma  12.11,  which  implies 

n  n 

0  <  P{£(jq)  <  u,  jq  €  U  I.}  -  P{M(  U  I.  >  <  u)  < 

1  1  * 


*■  n  maxi  P{£  ( jq) 
k  v 

i  u> 

jq  e  ik}  -  p(Mdk)  <  u)  j 

<  np  (h  -  c)  p  + 

”  a 

no  ( p ) 

-  t ( i  -|)oa  <  TPa, 

where 

o  s  l  -  h  (a )/H 
a  a  a 

-  0 

as  a  •*  0 . 

□ 

2 

LCHtiA  12.14  Let  r(t)  -*•  0  as  t-»,  and  suppose  that,  as  u  q  -  a  >  0 , 
(12.23)  holds  for  each  e  >0.  Then,  as  T->«>,  u2//lq-a, 

n  n 

(i)  PU(jq)  <  u,  jq  e  u  i,  )  -  i  p(C(jq)  <u,  jq  e  i.  }  -  o, 

1  *  k=l  “  K 

n 

(ii)  lim  sup  |  H  P(S(jq)  <  u,  jq  €  I.}  -  Pn(M(h)  <u(|  <  x  ( P  ^  -»•-§) 

k=l  ~  *  --an 

where  ■*  0  as  a  -*■  0 . 

PROOF  The  proof  of  part  (i)  is  identical  to  that  of  Lemma  7.5  (i).  As 
for  part  (ii) ,  we  have,  by  Lemma  12.11, 
n  n 

o  <  n  p{£(jq)  <u,  jqei.  }  -  n  p{m(i.)  <ul 

k=l  "  K  k=l  K  ~ 

<  n  max^P{ £  ( jq)  <  u,  -  P{M(Ik>  <  u} j 

<  np  (h  -  c)  Pa  +  no  (p) 


T(1 


T  0 


since  np  ~  Tp/h  > i/h.  Furthermore,  by  stationarity 
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0  <  n  PiM(I.)  <u;  -  Pn{M(h)  <  u}  = 
k=l 

=  Pn{M(I1)  <ui  -  Pn{ ft (h)  <u;  < 

<  n^P  { M  (I  x )  <_  u:  -  P  { M  ( h )  <u})  < 

'  nP <'?!(!£)  >u)  ~  nye  -  t*£.  o 

THEOREM  12.15  Let  {£(t)}  be  a  stationary  normal  process  with  zero 
mean  and  suppose  r(t)  satisfies  (12.1)  and  (7.2),  i.e. 

r  (t)  =  1  -  C|  t  |a  +  o  ( 1 1  |a)  as  t  -  0 

and 

r(t)log  t  •*  0  as  t  •*  «>. 

If  u  =  uT  -  “  so  that  Tu  =  TC^aH  u2^a<|>  (u)  /u  -*■  t  >  0 ,  then 
P { M (T)  <  u>  +  e-T  as  T  - 

PROOF  3y  Lemma  12.12  condition  (12.23)  of  Lemma  12.14  is  satisfied, 
and  by  Lemmas  12.13  and  12.14  we  then  have 

lim  sup  jPiM(nh)  u }  -  pn‘;M(h)  <  u}  <  2t  (P  +4)  » 
u  *<*>  ~  an 

where  &  0  as  a  0.  Letting  e  0  and  a  -►  0  this  shows  that 

lim  P{M (nh)  <  u)  -Pn(M(h)  <  u)  =  0. 

n-*<® 

By  Theorem  12.9,  P{M(h)  <  u)  *  1  -  yh +o  (y)  and  hence,  as  y  ~  x/T, 
n  ~  T/h, 

Pn(M(h)  <  u)  =  <1  -  yh +o(y))n  -  e"T. 

Since  furthermore 

M(nh)  <  M(T)  <  M((n+l)h)f 
this  proves  the  theorem. 

As  is  easily  checked,  the  choice  u_  ■  —•  +  b_,  with  a_  and  b_ 

i  aT  i  r  r 

given  by  (12.2),  satisfies  Ty  -*  r  -  e”x,  cf.  (12.22),  and  we  immediate 

ly  have  the  following  theorem. 


-  i  1 


THEOREM  12.16  Suppose  (£(t)}  satisfies  the  conditions  of  Theorem 
12.15,  and  that 

aT  =  (2  log  T)1/2 


b„  =  (2  log  T) 


(2  log  T) 


<2  -  a 
172  {~T~ 


log  leg  T  + 


+  log(C1/ctH  (2tt)“1/2  2{2~a)/2a)  }. 
a 


Then  P{aT(M(T)  -t>T)  <x}  e 


□ 


Asymptotic  properties  of  e-uperossings 


As  mentioned  on  p.  88,  the  asymptotic  Poisson  character  of  uperossings 
applies  also  to  non-dif ferentiable  normal  processes,  if  one  considers 
e-uperossings  instead  of  ordinary  uperossings.  To  prove  this,  we  need 
to  evaluate  the  expectation  of  N  (T) ,  the  number  of  e-uperossings  of 
u  by  ut)  ,  0  <  t  <  T. 


LEMMA  12.17  Suppose  r(t)  satisfies  (12.1).  Then,  with  h  as  in  Theo¬ 
rem  12.9, 


E  (N  (h) ) 

lim  — - 

u-*<»  hu  /a<)>(u)/u 


lim 

u**°° 


E(!Vu(1)) 

u2/a4><u)/u 


) 


PROOF  Write 


A  =  (t)  >  u  for  some  t  £  ( — e , 0 ]  ), 

B  =  (t)  >  u  for  some  t  €  (0,e)  } . 


From  Theorem  12.9  we  have,  for  2e  <  h, 

P(AUB)  ~  2e  C1/aH  u2/a-1(l)(u)  as  u  ->■  ®, 
a 

P  (A)  ~  c  C1/aHau2/oi"1i}>(u)  as  u  -  ®, 

P  (B)  ~  e  C1/aHau2/Ql"14i(u)  as  u  -  ®. 


Hence 
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P  (BA C)  =  P(AUB)  -  P(A)  ~  C  C1/aHciU2/a_1f  (u)  , 

and 

P(BAC)  <  P  { N  ,  (c)  =1}  =  E  (N  (e)  )  <  P(B), 
since  there  is  at  most  one  e-upcrossing  in  [ 0 , e ] .  Hence 
E(Ne,u(e))  ~  e  C1/aHau2/ct_1^(u) 

and  thus 

E(N  (1)  )  =  7  E(N  (e))  ~  C1/aHfvU2/ci“1<t>(u) 

t  j  U  fc.  t-  f  Cl  Cl 

as  required.  □ 

In  particular  the  lemma  implies  that  asymptotically  the  mean  number 
of  e-upcrossings  of  a  suitably  increasing  level  is  independent  of  the 
choice  of  e  >  0,  and  this  leads  us  directly  to  the  Poisson  result  for 
the  time-normalized  number  of  £-upcrossings .  Let  NT  be  the  point 
process  on  (0,»)  defined  by 

VB)  =  Ne>u(T-B)  , 

where  the  level  u  is  chosen  so  that  Ty  =  TC1^ctHau2//a<f>  (u) /u  ~  t  >  0, 
and  let  N  be  a  Poisson  process  with  intensity  t. 

THEOREM  12.18  Suppose  that  the  assumptions  of  Theorem  12.15  are  satis¬ 
fied.  Then  the  time-normalized  point  process  of  £-upcrossings  of 

the  level  u  converges  in  distribution  to  N  as  u  -  ",  where  N  is  a 
Poisson  process  with  intensity  t  . 

PROOF  As  in  the  proof  of  Theorem  8 . 2  we  only  have  to  check  that  for 
c  <  d 

(a)  lira  E  (d  (c,u])  =E(N(c,d])  =  t  (d  -  c)  , 

T+oo 

m 

and  if  R.  =  (c. ,d. ]  (disjoint) ,  U  =  U  R.  , 

i=l  1 

m  ~t | R, | 

(b)  P(N  (U)  *0}  -»  P{N(U)  =0}  =  FT  e 

i=l 


then 


By  Lemma  12.17,  E(NT(c,d])  =  E(N£  u(Tc,Tdl)  =  TE (N£ , u (c , d ] )  ~T(d-c)u 
~  t (d  -c),  which  proves  (a).  For  part  (b)  go  through  the  same  steps  as 
in  the  proof  of  Theorem  3.2,  with  only  obvious  changes.  a 

In  previous  chapters  we  have  encountered  a  variety  of  results,  re¬ 
lated  to  the  Poisson  convergence  of  upcrossings  of  an  increasing  level. 
There  are  no  further  difficulties  in  extending  these  results  to  cover 
e-upcrossings .  However,  we  do  not  want  to  lengthen  an  already  long  jour¬ 
ney  over  an  ocean  of  lemmas.  We  just  finish  by  mentioning  that  a  little 
further  generality  may  be  obtained  throughout  by  including  a  function 
of  slow  growth  (or  perhaps  slow  decrease)  instead  of  C  in  (12.1). 

This  has  been  considered  by  Qualls  and  Watanabe  (1972),  and  also  by 
Berman  (1971  b) . 


CHAPTER  1 


EXTREMES  OF  CONTINUOUS  PARAMETER  STATIONARY  PROCESSES 

Our  primary  task  in  this  chapter  will  be  to  discuss  continuous  para¬ 
meter  analogues  of  the  sequence  results  of  Chapter  2,  and  in  particular 
to  obtain  a  corresponding  version  of  Gnedenko's  Theorem  which  applies 
in  the  continuous  parameter  case. 

Specifically  throughout  this  chapter  we  consider  a  (strictly)  sta¬ 
tionary  process  ■  •"  ( t )  ;  t  y  0 }  satisfying  the  general  assumption  stated 
at  the  start  of  Chapter  6.  In  particular  it  will  be  assumed  that  C(t) 
has  a.s.  continuous  sample  functions,  continuous  one-dimensional  dis¬ 
tributions,  and  that  the  underlying  probability  space  is  complete.  As 
shown  in  Lemma  6.1,  it  then  follows  that  M ( I )  =  sup{^(t);  t  El.  is  a 
r.v.  for  any  interval  I  and,  in  particular,  so  is  M(T)  =  M([0,T]). 

Our  main  interest  here  concerns  distributional  properties  of  M (T) 
as  T  -  =»,  a  subject  considered  for  the  special  (important)  case  of 
normil  processes  in  Chapters  7  and  12.  We  shall  obtain  asymptotic  re¬ 
sults  for  the  general  stationary  processes  considered  here,  along  the 
same  lines  as  those  for  stationary  sequences,  obtained  in  Chapter  2. 

In  particular  continuous  parameter  versions  of  Gnedenko's  Theorem  will 
be  proved  under  appropriate  dependence  restrictions  on  £(t),  analo¬ 
gous  to  the  Condition  D(un>.  We  shall  also  obtain  results  of  the  type 
P(M(T)  <  uTi  -*■  e  1  (cf.  Theorem  2.6)  where  uT  ®  in  an  appropriate 
manner  as  T  -  »,  using  a  continuous  parameter  analogue  of  the  Condi¬ 
tion  D' (u  ) . 

n 

The  general  theory  will  not  require  that  the  mean  number  of  upcross- 
ings  of  a  level  u  be  finite,  and  therefore  will  include  normal  pro¬ 
cesses  of  the  type  considered  in  Chapter  12.  As  we  shall  indicate,  the 
Chapter  12  results  can  be  obtained  from  the  general  theory  of  this  chapter 
though  of  course  the  same  ultimate  amount  of  work  is  involved.  We  shall 
also  consider  the  special  case  in  which  the  mean  number  of  upcrossings  of 


any  level  u  per  unit  tine  finite  and  cttair.  Poisson  ..imit  tneorems 
generalizing  these  of  Chapter  8  to  include  non-normal  processes. 

As  indicated  in  Chapter  7,  it  is  convenient  to  relate  the  maximum 
M(T)  of  the  continuous  process  to  the  maximum  of  n  terms  of  a  se¬ 
quence  of  "submaxima".  Specifically  if  for  some  conveniently  chosen 
h  >  0  we  write 

(13.1)  ^  =  sup( ' ( t ) ;  (i-l)h<t<ih; 
then  for  any  n  =  1,  2,  ...  we  have 

(13.2)  M(nh)  =max(;1<  ;2,  — ,  ;R)  . 

It  is  apparent  that  the  properties  of  M(T)  as  T  -*•  00  may  be  obtained 
from  those  of  M(nh)  by  writing  n  =  (T/h]  and  thus  approximating  T 
by  nh . 

As  noted  above,  we  shall  consider  continuous  parameter  analogues  (to 
be  called  C(uT>,  C'(uTl)  of  the  Conditions  Dlun),  D'(un>  used  for  se¬ 
quences.  The  Condition  C(uT)  will  be  used  in  ensuring  that  the  sta¬ 
tionary  sequence  (e  }  defined  by  (13.1)  satisfies  Dfu^).  However  be¬ 
fore  introducinq  this  condition  we  note  a  preliminary  form  of  Gnedenko's 
Theorem  which  simply  assumes  that  the  sequence  {cR}  satisfies  D(un). 
This  result  follows  immediately  from  the  sequence  case  and  clearly  illu¬ 
strates  the  central  ideas  required  in  the  continuous  parameter  context. 
The  more  complete  version  (Theorem  13.5)  to  be  given  later,  of  course 
simply  requires  finding  appropriate  conditions,  of  which  the  rain  one 
will  be  C(uT),  on  ^(t),  to  guarantee  that  {r,^}  will  satisfy  D(un). 

THEOREM  13.1  Suppose  that  for  some  families  of  constants  ;aT  -0‘,  i  bT 
we  have 

(13.3)  PiaT(M(T)  -bT)  <x)  "  G (x)  as  T  -  » 

for  some  non-degenerate  G,  and  that  the  sequence  defined  by 

(13.1)  satisfies  D(u  )  whenever  u  =  x/a  ,  +  b  .  for  some  fixed 

n  n  nn  nn 

h  >  0  and  all  real  x.  Then  G  is  one  of  the  three  extreme  value  tvpes. 
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PROOF  Since  (13.3)  holds  in  particular  as  T  *  *  through  values  nh 
and  the  (^-sequence  is  clearly  stationary,  the  result  follows  by  re¬ 
placing  f  by  ^  in  Theorem  2.4  and  using  (13.2).  ° 

n  n  3 

Although  we  shall  not  make  further  use  of  the  fact,  it  is  interest¬ 
ing  to  note  that  this  at  once  implies  that  Gnedenko's  Theorem  holds 
under  "strong  mixing"  assumptions  as  the  following  corollary  shows. 

COROLLARY  13.2  Theorem  13.1  holds  in  particular  if  the  D(un)  condi¬ 
tions  are  replaced  by  the  assumptions  that  K(t)}  is  strongly  mixing. 
For  then  the  sequence  { t.  }  is  strongly  mixing  and  hence  satisfies 
D(un).  o 

We  now  introduce  the  continuous  analog  of  the  Condition  D(u  ),  sta- 

n 

ted  in  terms  of  the  finite-dimensional  distribution  functions  Ffc 

1 '  '  ‘  n 

of  (i(t),  again  writing  F  (u)  for  F  (u,...,u). 

In  In 

The  points  t^  will  be  members  of  a  discrete  set  { j  <3T ;  j  =1,  2,  3,  ...  } 
where  (qT)  is  a  family  of  constants  tending  to  zero  as  T  -  ®  at  a 
rate  to  be  specified  later. 

C ( uT ) :  The  Condition  C(uT)  cill  be  said  to  hold  for  the  process 
?(t)  and  the  family  of  constants  (u^,;  T>0),  with  respect  to  the  ton- 


stants  q^,  ■* 

0,  if 

for  any  points  <  ., 

•  •  <  SP  <  H  <  • 

tp' 

belonging  to 

{  kqT! 

1  0  1 kq  < T)  ana  satisfying 

e  have 

(13.4)  |  F 

1' 

...sp. 

t  .  t  ^UT^  ~  Fs  s  ^UT^ 

1  p’  1  sl”-sp  1 

Ft. . . .t  , (UT) ' 

1  p' 

-  aT,y 

uhere  a-  ♦  0  for  some  family  y  =  o(T)  . 
*  f  Y/jt  T 


As  in  the  discrete  case  we  may  (and  do)  take  a_,  to  be  non-in- 

T '  Y 

creasing  as  y  increases  and  also  note  that  the  condition  a  -*  0 

i  f  Yip 

for  some  yT  =  o(T)  may  be  replaced  by 
(13.5)  aTfXT  "*  0  as  T  -*•  ” 
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for  each  fixed  X  >  0. 

The  D(u  )  condition  for  {;  :  required  in  Theorem  13.1  will  now 
n  n 

be  related  to  C(uT)  by  approximating  crossings  and  extremes  of  the 
continuous  parameter  process,  by  corresponding  quantities  for  a  "sampled 
version" .  To  achieve  the  approximation  we  require  two  conditions  in¬ 
volving  the  maximum  of  C(t)  in  fixed  and  in  very  small  time  intervals. 
These  conditions  are  given  here  in  a  form  which  applies  very  generally 
—  readily  verifiable  sufficient  conditions  for  important  cases  are 
given  later  in  this  chapter. 

It  will  be  convenient  to  introduce  a  function  p  (u)  which  will  gen¬ 
erally  describe  the  form  of  the  tail  of  the  distribution  of  the  maximum 
M(h)  in  a  fixed  interval  (0,h)  as  u  becomes  large.  Specifically  we 
shall  as  needed  make  one  or  more  of  the  following  successively  stronger 
assumptions : 

(13.6)  P { r ( 0)  >  u }  =  o (u)  )  , 

(13.7)  P  { M  ( q )  >u}  =  o(sji(u))  for  any  q  =  q(u)  -  0  as  u  -►  «», 

(13.8)  there  exists  hQ  >  0  such  that 

lim  sup  P{M(h)  >  u}/(hil  (u)  )  <  1,  for  0  <  h  <  h^, 

U-*<» 

(13. 8)  P{M(h)>u}~hj;(u)  as  u  -*•  °°,  for  0  <  h  <  h^ . 

Note  that  Equation  (13.9)  commonly  holds  and  specifies  that  the  tail 
of  the  distribution  of  M(h)  is  asymptotically  proportional  to  ,,(u), 
whereas  (13.8)  is  a  weaker  assumption  which  is  sometimes  convenient  as 
a  sufficient  condition  for  the  yet  weaker  (13.7)  and  (13.6).  As  we 
shall  see  later  -p  ( u )  can  also  be  identified  with  the  mean  number  of 
upcrossings  of  the  level  u  per  unit  time,  u(u),  in  important  cases 
when  this  is  finite.  In  any  case  it  is  of  course  possible  to  define 
i(i(u)  to  be  P{M(1iq)  >u}/hQ  for  some  fixed  fig  >  0,  or  some  asymptoti¬ 
cally  equivalent  function  and  then  attempt  to  verify  any  of  the  above 
conditions  which  may  be  needed. 


* 
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We  shal1  also  require  an  assumption  relating  "continuous  and  dis¬ 
crete"  maxima  in  fixed  intervals.  Specifically  we  assume,  as  required, 
that  for  each  a  >  0  there  is  a  family  of  constants  {q;  =  ( q  (u) } 

d 

tending  to  zero  as  u  ->  °°  for  each  a  >  0,  such  that  for  any  fixed 
h  >  0, 


(13.10)  lim  sup  P{M(h)  >u,  £(jq)  <u,  0<jq<h}/y(u)  *  0  as  a  -►  0 . 
u-*“ 

Finally  a  condition  which  is  sometimes  helpful  in  verifying  (13.10)  is 


(13.11)  lim  sup 
u 


P(€  (0)  fu,  C(q)  <  u,  M  (q)  >u} 
q  >>  (u) 


0  as  a  ■*  0 . 


Here  the  constant  a  specifies  the  rate  of  convergence  to  zero  of 

a  (u)  -  as  a  decreases,  the  grid  of  points  {q„(u)>  tends  to  become 

a 

(asymptotically)  finer,  and  for  small  a  the  maximum  of  £(t)  on  the  dis¬ 
crete  grid  approximates  the  continuous  maximum  well,  as  will  be  seen 
below.  (Simpler  versions  of  (13.10)  and  (13.11)  would  be  to  assume  the 
existence  of  one  family  q  =  q(u)  of  constants  such  that  the  upper 
limits  in  (13.10)  and  (13.11)  are  zero  for  this  family.  It  can  be  seen 
that  one  can  do  this  without  loss  of  generality  in  the  theorems  below, 
but  it  seems  that,  as  was  the  case  in  Chapter  12,  the  conditions  in¬ 
volving  the  parameter  a  often  may  be  easier  to  check.) 

The  following  lemma  contains  some  simple  but  useful  relationships. 


LEMIIA  13.3  (i)  If  (13.8)  holds  so  does  (13.7)  which  in  turn  implies 
(13.6).  Hence  (13.9)  clearly  implies  (13.8),  (13.7),  and  (13.6). 

(ii)  If  I  is  any  interval  of  length  h  and  (13.6),  (13.10)  both 
hold,  then  there  are  constants  1  such  that 

(13.12)  0  «•  lim  sup[P{,;(jq)  <u,  jq€I)  -  P{M(I)  <u}]/ij;(u)  <  X  ->-0 
u-°°  “  -  -  a 

as  a  -»  0,  where  q  =  qg(u)  is  as  in  (13.10),  the  convergence  being 
uniform  in  all  intervals  of  this  fixed  length  h. 

(iii)  If  (13.7)  and  (13.11)  hold  so  does  (13.10)  and  hence,  by  (ii) 
so  does  (13.12)  . 
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(iv)  If  (13.9)  holds  and  =  (0,h),  I2  =  (h,2h)  with  j  <  h  '  hg/2, 

then  PlMdj)  >  u,  M  ( 1 2 )  >u;  =  o(y(u))  as  u  -  ®. 

PROOF  (i)  If  (13.8)  holds  and  q*0  as  u then  for  any  fixed  h>0, 
q  is  eventually  smaller  than  h  and  PfM(q)  >u}  <  PfM(h)  >u},  so  that 

lim  sup  P(M(q)  >uj/v(u)  '  lim  sup  PtM(h)  >u//i(u)  <  h 

Li  -+ao  U^°° 

by  (13.8).  Since  h  is  arbitrary  it  follows  that  P{M(q)  >u}/v(u)  ■*  0, 
giving  (13.7).  It  is  clear  that  (13.7)  implies  (13.6)  since  P{^(0)  >u; 

<  P { M ( q )  -  uj ,  which  proves  (i). 

To  prove  (ii)  we  assume  that  (13.6)  and  (13.10)  hold  and  let  I  be  an 
interval  of  fixed  length  h.  Since  the  numbers  of  points  jq  in  I  and  in 
[0,h]  differ  by  at  most  2,  it  is  readily  seen  from  stationarity  that 

P(5  (jq)  5  u,  jq  £  I)  <  P{£(jq)  <  u ,  0<jq^h)  +  P{r (0)  >  u }  +  Pf  £  (h )  >  u} 

so  that 

0  <  P{P(jq)  <u,  jqeil  -  P{M ( I )  <u} 

<  p{r,  ( jq)  <  u,  0  <  jq  <  h)  -  P(M(h)  <  u}  +  2P{£  (0)  >  u} 

=  P(M(h)  >  u,  5  (jq)  <  u,  0<jq<h)  +  2P{5 (0)  >  u} 

from  which  (13.12)  follows  at  once  by  (13.6)  and  (13.10),  so  that  (ii) 
follows . 

To  prove  (iii)  we  note  that  there  are  at  most  [h/q]  complete  inter¬ 
vals  [(j-l)q.jq)  in  [0,h]  with  perhaps  a  smaller  interval  remaining 
so  that 

P  { M  ( h )  >u,  5  ( jq)  <  u,  0  <  jq  <  h }  <  £  P{^(0)  <  u,  r  (q)  <u,  M(q)  >u} 

+  P(M(q)  >  u} 

so  that  (13.10)  easily  follows  from  (13.11)  and  (13.7). 

Finally  if  (13.9)  holds  and  1^  =  (0,h),  I2  =  (h,2h)  with 
0  <  h  <  hjj/2,  then 

P{M(I2)  >  u }  =  P{M(I1)  >  u }  =  h  i)/(u)  (1  +0(1)  ) 

and 
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P{{M(I1)  >  u>  U  { M  ( 1 2 )  x  U;)  =  P{M(I1  U  I  )  >u}  =  2h^(u)  (l+o(l)) 

so  that 

PfMf^l  >u,  M  ( 1 2)  >  u :  =  P(M(I1)  >ul  +  P{M(I2)  >  u } 

-  >  u}  U  { M  ( 1 2 !  >  u } ) 

=  od(u)  ) 

as  required.  a 

For  h  >  0,  let  (T^}  be  a  sequence  of  time  points  such  £  [nh, 

(n+l)h)  and  write  =  uT  .  It  is  then  relatively  easy  to  relate 

n 

D(vn)  for  the  sequence  {cn>  to  the  condition  C(uT)  for  the  process 
i (t) ,  as  the  following  lemma  shows. 

LEMMA  13.4  Suppose  that  (13.6)  holds  for  some  function  i(i(u)  and  let 
{qa(u)l  be  a  family  of  constants  for  each  a  >  0  with  qa ( u )  >  0, 
qa (u)  -  0  as  u  +  »,  and  such  that  (13.10)  holds.  If  C(uT)  is  satis¬ 
fied  with  respect  to  the  family  qT  =  qa(uT)  for  each  a  >  0,  and 
TiMut)  is  bounded,  then  the  sequence  defined  by  (13.1)  satis¬ 

fies  D(vn),  where  vn  =  uT  is  as  above. 

n 

PROOF  For  a  qiven  n,  let  i,  <  i„  <  . . .  <  i  <i.  <  _  <i.<n. 

-  I  c  p  ^1  P 

j],  "  ip  >  ’>-•  Write  Ir  =  [(ir~l)h,  irh],  Jg  =  [  ( -  1 )  h ,  jgh).  For 
brevity  write  q  for  the  elements  in  one  of  the  families  (q  (•)}  and  let 

p  ,  p 

a  =  n  (Ujq)  <v  ,  jq  e  i  },  a  =  n  {;  <v  } 

q  r=l  n  r  r=l  “  n 

P'  p' 

Ba  =  0  (Ujq)  <  v  ,  jq  £  j  },  B  =  n  { r  <  v  }  . 

4  s=l  n  s  s=l  3s  " 

It  follows  in  an  obvious  way  from  Lemma  13.3  (ii)  that 

0  <  lim  sup{  P  (A  B  )  -  P  (AB)  }  <  lim  sup(p  +  p')iMv  )A 
n+»  "  q  ”  n+»>  n  a 

<  lim  sup  niHv  )A  <  KA 
*  n  a  -  a 

for  some  constant  K  (since  nh  ~  and  Tn'*'(vn*  is  bounded)  and  where 
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as  a 


0.  Similarly 


Now 


lim  sup|P(A  )  -  P  (A)  (  £  K>  ,  lim  sup  |  P  ( B  )  -P(Bi;  <  Ka 


|  P  (A  n  B)  -  P  (A)  P  (B) 


j  p  (a  n  b)  -  p  (a  n  b  ) 

q  q 


(13.13) 


+  i P (A  n  B  )  -  P (A  )?(8  )'  +  P (A  )  I P (B  )  -  P (B) 
q  q  q  q  q  q 

+  P (B)  | P (A  )  -  P(A)  | 
4 


=  R  +  j  P  ( A  n  B  )  -P(A  )  P  ( B  )  | 
n,a  q  q  q  q 

where  lim  sup  R  <  3KA  . 
n-’-™  n,a 

Since  the  largest  jq  in  any  1^  is  at  most  i^h,  anc^  lest 

in  any  Jg  is  at  least  ( j ^  -l)h,  their  difference  is  at  least 
( S.  —  1 )  h .  Also  the  largest  jq  in  ,  does  not  exceed  j^.h  <  nh  < 
so  that  from  (13.4)  and  (13.13), 


(13.14)  |  P  (A  D  B)  -  P  (A)  P  (B)  :  <  Rna  +  “^Iti-ljh 


in  which  the  dependence  of  j  on  a  is  explicitly  indicated. 

Write  now  a*  .  =  inf{R„  .  +  a,ia)  ,  „  ...  1.  Since  the  left-hand  side  of 
n,H  a>Q  n,a  Tn,(l-l)h 

(13.14)  does  not  depend  on  a  we  have 

|  P  (A  OB)  -  P  (A)  P  (B)  |  <  a*  ?  , 

-  n,  *• 

which  is  precisely  the  desired  conclusion  of  the  lemma,  provided  we 

can  show  that  lim  a*  ,  =0  for  any  A  >  0  (cf.  (2.3)).  But,  for  any 

n,An 

n-*-® 

a  >  0  , 

an, An  -  Rn,a  +  <4^,  (An-1)  h  -  Rn,a  +  “tJ,  ATn/2 
when  n  is  sufficiently  large  (since  decreases  in  l)  ,  and 

i  #  A. 

hence  by  (13.5) 

^  3UP  an, An  ^  3KAa' 
n-*<® 

and  since  a  is  arbitrary  and  A,  -*•  0  as  a  +  0,  It  follows  that 

9 


a 


n#  An 


0  as  desired. 


o 
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The  general  continuous  version  of  Gnedenko's  Theorem  is  now  readily 
restated  in  terms  of  conditions  on  r ( t )  itself. 

THEOREM  13.5  With  the  above  notation  for  the  stationary  process  (f.(t)} 
satisfying  (13.6)  for  some  function  ^  suppose  that  there  are  constants 
aT  >  0,  bT  such  that 

P{aT(M(T)  -bT)  <x{  -  G  (x) 

for  a  non-degenerate  G.  Suppose  that  Tij/  ( uT )  is  bounded  and  C(uT> 
holds  for  uT  =  x/aT  +  b^  for  each  real  x,  with  respect  to  families 
of  constants  {q  (u) }  satisfying  (13.10).  Then  G  is  one  of  the  three 
extreme  value  distributional  types. 

PROOF  This  follows  at  once  from  Theorem  13.1  and  Lemma  13.4,  by  choos¬ 
ing  T^  =  nh.  n 

As  noted  the  conditions  of  this  theorem  are  of  a  general  kind,  and 
more  specific  sufficient  conditions  will  be  given  in  the  applications 
later  in  this  chapter. 


Convergence  of  P{M(T)  <uT) 

Gnedenko's  Theorem  involved  consideration  of  P{aT(M(T)  -t>T)  <x}»  which 

may  be  rewritten  as  P{M(T)  <uT)  with  uT  =  x/aT  +  bT>  We  turn  now  to 

the  question  of  convergence  of  P{M(T)  <uT)  as  T  ■*  ®  for  families 

uT  which  are  not  necessarily  linear  functions  of  a  parameter  x. 

(This  is  analogous  to  the  convergence  of  P(M  <u  )  for  sequences,  of 

n  -  n 

course.)  These  results  are  of  interest  in  their  own  right,  but  also 
since  they  make  it  possible  to  simply  modify  the  classical  criteria  for 
domains  of  attraction  to  the  three  limiting  distributions,  to  apply  in 
this  continuous  parameter  context. 

Our  main  purpose  is  to  demonstrate  the  equivalence  of  the  relations 
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P(M (h)  >  uT }  ~  t/T  and  P{M(T)  <uT>  -  e  T  under  appropriate  conditions. 
The  following  condition  will  be  referred  to  as  C'(uT)  and  is  analogous 
to  D'(un)  defined  in  Chapter  2,  for  sequences. 


C 1  ( u^. )  :  The  Condition  C'  (u^,)  uiil  be  said  to  hold  for  ike  : 

(5  (t)  )  and  the  fa  *ti  iy  of  constants  (uT;  T  >  0  !,  -silk  rentes' 

T 

constants  q  -  0  if  lim  sup  -  l  P { ^ ( 0 )  >u  ,  £(jq)  > u_  • 

T-“  q  h<gq<cT 

e  ■*  0  foe  some  h  >  0. 


cess 


0  as 


The  following  lemma  will  be  useful  in  obtaining  the  desired  equiva¬ 
lence  . 


LEMMA  13.6  Suppose  that  (13.9)  holds  for  some  function  o ,  and  let 
{uTl  be  a  family  of  levels  such  that  C’ (uT)  holds  with  respect  to 
families  {q  (u)  }  satisfying  (13.10),  for  each  a  >  0,  with  h  in 

cl 

C'  (uT)  not  exceeding  hg/2  in  (13.9).  Then  Tif<  ( uT )  is  bounded,  and 
writing  n'  =  [n/k],  for  n  and  k  integers, 

(13.15)  0  <  lim  sup[n'P{M(h)  >  }  -  P  (M(n  ‘  h)  >  vn } )  =  o(k-1),  as  k  •»  ®, 

n-«» 

with  vn  =  uT  ,  for  any  sequence  f Tn }  with  Tn  £  [nh,(n+l)h). 
n 

PROOF  We  shall  use  the  extra  assumption 

(13.16)  lim  inf  Ti(j(u  )  >  0, 

in  proving  T<MuT)  bounded  and  (13.15).  It  is  then  easily  checked 
(e.g.  by  replacing  Ti|i(ut)  be  max(l,  Tif»  ( uT )  )  in  the  proof)  that  the 
result  holds  also  without  the  extra  assumption. 

Now,  write  1^  =  [  (j  —  l)h,jh],  j=l,  2,  ...  and  Mg(I)  =max{£(jq; 
jq€I)r  for  any  interval  I.  We  shall  first  show  that  (assuming  (13.16) 
holds) 

(13.17)  0  <  lim  sup  ^  .  [n'P{M(h)  >  vn  }  -  P(M(n'h)  >vn>]  =  o(k  1) 

n-**>  n^  n 

as  k  -*■  ®.  The  expression  in  (13.17)  is  clearly  non-negative,  and  by 
stationarity  and  the  fact  that  M  >  M^,  does  not  exceed 


lim  sup  -  ,  .  1  [P'M(IJ  ->  v  •  -  p-'M  (I  )  >  v  ;  ] 

T  v  v  )  •  i  j  n  q  3  n 

n-*«  n  n  3  =  1  J  m  j 


+  lim  sup  - - 7 - -  [  Z  P-M  (I.)  *  v  :  -  P;M  (n*h)  'V  :]. 

n~  Tn‘  (V  j  =  l  'J  3  q 

By  Lemma  13.3  (ii),  the  first  of  the  upper  limits  does  not  exceed 

A  lim  sup  n’/T  =  >  /(hk)  ,  where  >  -»  0  as  a  *  0.  The  expression 

a  _  n  a  a 

n-»°° 


in  the  second  upper  limit  may  be  written  as 


V7TTT  I  t,  »«W  >v  -  £  p;VV  -V  »«*  :v> 


<  s— 7-7T7  T  £  P'M  (I.)  >  v  ,  M  (I  ..)  >v  : 
~  Tn*<vn)  j=1  q  3  n  q  3+1  n 


*Wj:,  -"W 'v  v„“.2  ‘.'-v 


.  n '  ...  n '  h 

<  j  o(l)  _  ,  , 

n  "  n*  vn 1  h<]q<n'h 


I  P1  f  (0)  >  vn>  S  ( 3 q >  >  vn  ; , 


by  Lemma  13.3  (iv)  and  some  obvious  estimation  using  stationar l ty .  By 
C'(uT),  using  (13.16),  the  upper  limit  (over  n)  of  the  last  term  is 
readily  seen  to  be  o  (k  *)  for  each  a  >  0,  and  (13.17)  now  follows  by 
gathering  these  facts. 

Further,  by  (13.17)  and  (13.9) 

lim  inf  T-  {v-  ,  >  lim  inf  }-  ,  P(M(n’h)  >  vn ) 

n+°°  n  n  n n  n 

>  lim  inf  T  ,  ■■  n'P(M(h)  >vni 

n-*-'*  n^  n  a 


-  lim  sup  T  j  [n'P(M(h)  >vn)  -PiM(n'h)  >  }  ] 


n-*-°°  n  n 


1  <1, 

~  k  "  0  (k  ' 


and  hence  lim  inf  (T^  fvR)  )  >  0.  Thus  T  iMut  )  is  bounded  for  any 

n-~»  n 

sequence  (Tn)  satisfying  nh  <  Tn  <  (n  ♦  l)h,  which  readily  implies  that 
Tiji(uT)  is  bounded.  Finally,  (13.15)  then  follows  at  once  from  (13.17). 
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COROLLARY  13.7  Under  the  conditions  of  the  lew,  if  >  .  = 

-  n,k 

=  n'h/lv  )  -P(M(n'h)  >v  then  lim  sup  X  ,  =  o(k~^)  as  k  •*  » . 

n  n  n->“  n,K 

PROOF  Noting  that  n'^(v  )  is  bounded ,  this  follows  at  once  from  the 
lemma ,  by  ( 1 3 . 9 ) .  o 

Our  main  result  now  follows  readily. 

ThEOREH  13.8  Suppose  that  (13.9)  holds  for  some  function  p,  and  let 
tuT>  be  a  family  of  constants  such  that  for  each  a  >  0,  C(uT)  and 
C'(uT)  hold  with  respect  to  the  family  (qa(u)}  of  constants  satisfying 
(13.10),  with  h  in  C'lu^)  not  exceeding  hjj/2  in  (13.9).  Then 

(13.18)  Tk(uT)  -  t  >  0 
if  and  only  if 

(13.19)  P lM (T)  < uT;  -  e"T . 

PROOF  If  (13.9),  (13.10),  and  C'  (u^)  hold  as  stated,  then  Ti)i(ut) 
is  bounded  according  to  Lemma  13.6  and  by  Lemma  13.4  the  sequence  of 
"submaxima"  f ^ n }  defined  by  (13.1)  satisfies  D(vn),  with  vn  =  uT  , 
for  any  sequence  f Tn >  with  Tn  €  (nh,  (n+l)h).  Hence  from  Lemma  2.3, 
writing  n'  =  [n/k], 

(13.20)  PtM(nh)  <v  )  -  Pk{M(n'h)  <v  }  -  0  as  n  -  ®. 

“  n  -  n 

Clearly  it  is  enough  to  prove  that 

(13.21)  Tn>,(vn)  -  t  >  0 
if  and  only  if 

(13.22)  P(M(T  )  <  v  )  -  e'T, 

n  -  n 

for  any  sequence  f TR }  with  Tn  £  [nh,  <n+l)h).  Further,  T*(uT) 
bounded  implies  that  i|»(uT)  ->■  0  as  T  -  ®  so  that 

0  <  P{M(nh)  ivn)  -  P[M(Tn)  <v„) 

L  P  (M(h)  >  v  }  ~  hv  (v  )  ~ 


0, 


-12" 


and  thus  (13.22)  holds  if  and  only  if 

(13.23)  P{M(nh)  < v  }  -  e-7. 

-  n 

Hence  it  is  sufficient  to  prove  that  (13.21)  and  (13.23)  are  equivalent 
under  the  hypothesis  of  the  theorem. 

Suppose  now  that  (13.21)  holds  so  that  in  particular 

(13.24)  n'h'^fv^)  -  i/k  as  n  - 

With  the  notation  of  Corollary  13.7  we  have 

(13.25)  1  -  n'hi*/(v  )  -  A  ,  <  PtM(n'h)  <  v  }  <  1  -  n'hv(v  )  +  X  , 

so  that,  letting  n  -*■  *>, 

1  -  T/k  -  o(k  h  <  lim  inf  P{M(n'h)  <v  } 

-  -  n 

n-’-'” 

<  lim  sup  P{M(n'h)  <v  ) 

n-*-“>  71 

<  1  -  t/k  +  o(k  ■*■)  . 

By  taking  k-th  powers  throughout  and  using  (13.20)  we  obtain 
(l-i/k-o(k  ^))lc  <  lim  inf  P{M(nh)  <v  } 

n-»oo 

<  lim  sup  P{M(nh)  <v  } 

n-»®  "  n 

<  <1  -  t/k  +o(k_1)  )k, 

and  letting  k  tend  to  infinity  proves  (13.23). 

Hence  (13.21)  implies  (13.23)  under  the  stated  conditions.  We  shall 
now  show  that  conversely  (13.23)  implies  (13.21).  The  first  part  of  the 
above  proof  still  applies  so  that  (13.20)  and  the  conclusion  of  Corol¬ 
lary  13.7,  and  hence  (13.25),  hold.  A  rearrangement  of  (13.25)  gives 

1  -  P{M(n'h)  <v  }  -  \  <  n'hi)/(v  ) 

-  n  nk  -  n 

<  1  -  P{M(n'h)  <v  }  +  X  . 

-  -  n  nk 

But  it  follows  from  (13.20)  and  (13.23)  that  P(M(n'h)  <  v  }  -  e~T^ 

~  n 

and  hence,  using  Corollary  13.7,  that 
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1-e  -  o(k  <  lim  mf  n'hv(v  ) 

n 

n-*-* 

<  lim  sup  n 1  hi (v  ) 

—  n 

Q->OC 

1-e  "  ^  +  o  (k  ^ )  . 

Multiplying  through  by  k  and  letting  k  -  °°  shows  that  T  vlv^)  ~ 

~  nh>l(vn)  *  and  concludes  the  proof  that  (13.23)  implies  (13.21).  □ 


Associated  sequence  of  independent  variables 

With  a  slight  change  of  emphasis  from  Chapter  2  we  say  that  any  i.i.d. 
sequence  r ...  whose  marginal  d.f.  F  satisfies 

1  -  F (u)  ~  P(M(h)  >  u} 

for  some  h  >  0,  is  an  independent  sequence  associated  'jith 
If  (13.9)  holds  this  is  clearly  equivalent  to  the  requirement 

(13.26)  1  -  F(u)  ~  hil(u)  as  u  -*•  ®. 

Theorem  13.8  may  then  be  related  to  the  corresponding  result  for  i.i.d. 
sequences  in  the  following  way. 

THEOREM  13.9  Let  {uT}  be  a  family  of  constants  such  that  the 
conditions  of  Theorem  13.8  hold,  and  let  ^2'  •••  be  an  associated 

independent  sequence.  Let  0  <  o  <  1.  If 

(13.27)  P  { M  (T)  <  uT)  ■*  o  as  T  -*•  => 
then 

(13.28)  P{M<v}*p  as  n 

n  -  n 

with  v  =  u  .  .  Conversely,  if  (13.28)  holds  for  some  sequence  (v  } 
n  nh  n 

then  (13.27)  holds  for  any  {uT>  such  that  il(uT)  ~  ij;  *v[T/h)  *  ' 
provided  the  conditions  of  Theorem  13.8  hold. 

PROOF  If  (13.27)  holds,  and  o  =  e  T,  Theorem  13.8  and  (13.26)  give 
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1  ‘  F(unh>  ~  h'^unh>  ~  T/n' 

so  that  -  unh^  '*  e  '  <3^vtn9  (13.28),  Conversely,  (13.28)  ar.d 

(13.26)  imply  that  hv (v^)  ~  1  -  F  (v^)  ~  t/n  and  hence 

TiMuT)  ~  Tip  (v[T/h]  )  ~  Tx/(h[T/h])  -  T 
so  that  (13.27)  holds  by  Theorem  13.8.  o 

These  results  show  how  the  function  ip  may  be  used  in  the  classical 
criteria  for  domains  of  attraction  to  determine  the  asymptotic  distri¬ 
bution  of  M (T) .  We  write  0(G)  for  the  domain  of  attraction  to  the 
(extreme  value)  d.f.  G,  i.e.  the  set  of  all  d.f.'s  F  such  that 
Fn(x/a  +  b  )  -*•  G(x)  for  some  sequences  {a  >0},  {b  }. 

THEOREM  13.10  Suppose  that  the  conditions  of  Theorem  13.8  hold  for 
all  families  {uT>  of  the  form  uT  =  x/aT  +  bT,  where  aT  >  0,  bT 
are  given  constants,  and  that 

(13.29)  P{aT(M(T)  -  bT)  <x}  -  G(x). 

Then  (13.26)  holds  for  some  F€P(G).  Conversely,  suppose  (13.9)  holds 

and  that  (13.26)  is  satisfied  for  some  F6P(G),  let  a'  >  0,  b'  be 

n  n 

constants  such  that  Fn(x/a^  +  b^)  •*  G(x),  and  define  aT  =  a£T^hj, 

bT  =  b ( T/h ] '  Then  (13-29)  holds,  provided  the  conditions  of  Theorem  13.8 

are  satisfied  for  each  uT  =  x/aT  ♦  bT,  -*>  <  x  <  °°. 

PROOF  If  (13.29)  holds,  together  with  the  conditions  stated,  Theorem 
13.9  applies,  so  that  in  particular 

P{anh(«n-bnh>  <x}  *  G(x> 

where  Mn  is  the  maximum  of  the  independent  sequence  of  associated 
variables  C ^ ,  ...,  z,  .  It  follows  at  once  that  their  marginal  d.f. 

F  belongs  to  0(G),  and  (13.26)  is  immediate  by  definition. 

Conversely,  suppose  (13.26)  holds  for  some  d.f.  F €  V (G) ,  and  let 
j '  •••  be  an  i.i.d.  sequence  with  marginal  d.f.  F,  and  suppose 
that  for  vn  =  x/an 
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P  {  M  <  v  } 
n  —  n 


G(x)  as  n 


Then  clearly,  for  aT  =  a[T/h]'  bT  =  b[T/h]'  and  UT  =  */aT  +  bT' 


*‘V  =  vit/h]) 


so  that  Theorem  13.9  applies,  giving  (13.29). 


Stationary  normal  processes 

Although  we  have  obtained  the  asymptotic  distributional  properties  of 
the  maximum  of  stationary  normal  processes  directly,  it  is  of  interest 
to  see  how  these  may  be  obtained  as  applications  of  the  general  theory 
of  this  chapter.  This  does  not  lessen  the  work  involved,  of  course, 
since  the  same  calculations  in  the  "direct  route"  are  used  to  verify 
the  conditions  in  the  general  theory.  However  the  use  of  the  general 
theory  does  also  give  insight  and  perspective  regarding  the  principles 
involved.  We  deal  here  with  the  more  general  normal  processes  considered 
in  Chapter  12.  This  will  include  the  (Chapter  7)  normal  processes  with 
finite  second  spectral  moments  considered  in  Chapter  7,  of  course. 

The  latter  processes  may  also  be  treated  as  particular  cases  of 
general  processes  with  finite  upcrossings  intensities  -  a  class  dealt 
with  later  in  this  chapter. 

Suppose  then  that  -;(t)  is  a  stationary  normal  process  with  zero 
mean  and  covariance  function  (12.1),  viz., 

(13.30)  r  (t  )  =  1  -  C  |  t  j  0t  +  o  <  |  t  j  a )  as  t  -  0 

where  0  '  a  <  2.  The  major  result  to  be  obtained  is  Theorem  12.15, 
restated  here. 

THEOREM  12.15  Let  f  C  ( t )  >  be  a  zero-mean  stationary  normal  process. 


with  covariance  function  r(t)  satisfying  (13.30)  and 
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(13.31)  r(t)  log  t  ►  0,  as  t  -*•  «•. 

If  u  =  u_  -*  °°  and  ..  =  v.  (u)  =  1  K  u2,/l  t  (u)  /u  (with  H  defined 

T  a  j. 

in  Theorem  12.9),  and  if  T  t  ( u^, )  ►  t  ,  then  P'M(T)  <  u :  *  e  as 

T  . 


PROOF  FROM  THE  GENERAL  THEORY  Write  }  (u)  =  w  (u)  so  that  T.(uT>  -  7. 
Theorem  12.9  shows  at  once  that  (13.9)  holds  (for  all  h  ^  0).  Define 
q  (u)  =  au  ^a,  and  note  that  (13.10)  holds,  by  (12.21).  Hence  the  re- 

a 

suit  will  follow  at  once  if  C(u^,),  C’(uT)  are  both  shown  to  hold  with 

respect  to  (q  (u) }  for  each  a  >  0. 
a 

It  is  easily  seen  in  a  familiar  way  that  C(uT)  holds.  For  by  Lemma 

3.2  the  left  hand  side  of  (13.4)  (with  q  (u)  for  q(u),  u  =  u_)  does 

a  T 

not  exceed 

P  P1  -u2/(l  +  [ r (t .-s  ) ; ) 

K  2  Z  j  r  ( t .  -  s  )  |  e  3 

i=l  j-1  J  1 

which  is  dominated  by 

k2  2  |r(kq):  e'u2/(1  +!r(kq)|), 

and  this  tends  to  zero  for  each  (q)  =  (qa),  a  fixed,  by  Lemma  12.12. 

If  we  identify  this  expression  with  a  then  (13.5)  holds  almost 

w  Y 

trivially  since  a <  a  for  any  fix«ed  y  when  XT  >  y. 

j/Ai  —  i  ,y 

C*  (u^,)  follows  equally  simply  by  Lemma  3.2  which  gives 

2 

|PU<0)  >  u ,  c,  ( j  q )  ^uj  -  ( 1  -  4.  (u)  )  2  1  <  K  |  r  ( jq)  |  e"U  /(1"  r(jq)l) 


so  that 


-  I  P{£  (0)  >  u,  f,  ( jq)  >  u) 
q  h<jq<eT 


f  T  2  T 

<  (1  -  <Mu)  )  ♦  K  -  z 

q  q  h^jq^rT 


r  (jq)  |  e-  /(l+|r(jq)|) 


again  by  Lemma  12.12.  The 


J’.’- 


The  second  term  tends  to  zero  as  T  *  * 

first  term  is  asymptotically  equivalent  to 

m2  ..  .  , ,  2  2 
eT  (J  (u)  )  f.T 

2  2  *  2  2/a  2 

q  u  a  C  H 

a 

by  the  definitions  of  q  and  y(u),  and  the  fact  tnat  To (u)  -  -. 

2  2 

Since  /a  -  0  for  each  fixed  a  as  t  -»  0,  C'  ( )  follows.  o 

Finally,  we  note  that  the  "double  exponential  limiting  distribution" 
for  the  maximum  M(T)  (Theorem  12.16)  follows  exactly  as  before  from 
Theorem  12.15. 


Processes  with  finite  upcrossing  intensities 

We  show  now  how  some  of  the  conditions  required  for  the  general  theory 
may  be  simplified  when  the  mean  number  u (u)  of  upcrossings  of  each 
level  u  per  unit  time  is  finite.  This  includes  the  particular  normal 
cases  with  finite  second  spectral  moments  already  covered  in  Chapter  7 
and  in  the  preceding  section,  but  of  course  not  the  "non-differentiable" 
process  with  a  <  2 . 

We  use  the  notation  of  Chapter  6  in  addition  to  that  of  the  present 
chapter  and  assume  that  p  =  u(u)  =  E(N  (1))  <  >»  for  each  value  of  u. 
Writing  as  in  (6.1),  for  q  0 , 

(13.32)  J^(u)  =  P{f(0)  ^u^f(q)}/q 
it  is  clear  that 

(13.33)  J  <u)  <  P{Nu(q)>l)/q  <  E(Nu<q))/q  =  U 
and  it  follows  from  Lemma  6.3  that 

(13.34)  dgfu)  >  p  as  q  -»  0 
for  each  fixed  u. 

we  saw  (Lemma  6.6)  that  dq<u)  ~ 


In  the  normal  case 


p(u)  as  q  ■*  0 


in  such  a  way  that  uq  ■*  0.  Here  we  shall  use  a  variant  of  this 

property  assuming  as  needed  that,  for  each  a  >  0,  there  are 

constants  q  (u)  -»  0  as  u  «°  such  that,  with  q  =  q  (u)  , 
a  a  a 

u  =  u (u) , 

(13.35)  lim  inf  J  (u)/u  >  v 

Q  -  a 

u-^o° 

where  v  •*  1  as  a  ■*  0 .  (As  indicated  below  this  is  readily  verified 
a 

when  5(t)  is  normal  when  we  may  take  q  (u)  =  a/u.) 

a 

We  shall  assume  as  needed  that 


(13.36)  P(5(0)  >u}  =  o(|i(u))  as  u  -*  », 


which  clearly  holds  for  the  normal  case  but  more  generally  is  readily 

verified  if,  for  example  for  some  q  =  q(u)  ->-0  as  u  -*•  ® 

P{£(0)  >  u,  £{q)  >  u)  ,  , 

(13.37)  lim  sup  &  P I T  ( 0  )~>  u) -  <  1» 


since  (13.37)  implies  that  lim  inf  qj  (u)/P{t(0)  > u]  >  0,  from  which 

U-*oo  ^ 

it  follows  that  P{£(0)  >u}/J^(u)  -*■  0,  and  hence  (13.36)  holds  since 
(u)  <  u  (u)  . 

We  may  now  recast  the  conditions  (13.8)  and  (13.9)  in  terms  of  the 
function  u(u),  identifying  this  function  with  i|i(u)  . 


LEMMA  13.11  (i)  Suppose  ,  <u)  <  <»  for  each  u  and  that  (13.36)  (or 
the  sufficient  condition  (13.37))  holds.  Then  (13.8)  holds  with 
i|)  (u)  =  u  (u)  . 

(ii)  If  (13.35)  holds  for  some  family  (qa(u)}  then  (13.11)  holds 
with  iJj  (u)  =  u  (u)  . 

PROOF  Since  clearly 

P{M(h)  >  u }  <  P{Nu(h)  >1}  +  P{£(0)  >  u }  <  uh  +  P  f  C  ( 0 )  >  u }  , 

(13.8)  follows  at  once  from  (13.36),  which  proves  (i) . 

Now,  if  (13.35)  holds,  then  with  q  =  q  (u)  ,  u  =  u(u). 
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P  { ^  ( 0 )  <u,  £(q)  <u,  M(q)  >  u)  = 

=  P(UO)  <u,  M(q)  >  u)  -  P{?(0)  <u<Uq)l 

<  P{Nu(q)  > 1)  -  qJq(u) 

<  uq  -  uqv  (1  +  o  ( 1)  ) 

so  that 

lim  sup  P{£(0)  <u,  £(q)  <  u,  M(q)  >u}/(qp)  <  1  -  , 

\}-VCO 

which  tends  to  zero  as  a  -»  0,  giving  (13.11).  D 

In  view  of  this  lemma,  Gnedenko's  Theorem  now  applies  to  processes 
of  this  kind  using  the  more  readily  verifiable  conditions  (13.35)  and 
(13.36),  as  follows. 

THEOREM  13.12  Theorem  13.5  holds  for  a  stationary  process  { C  ( t ) >  with 
4/(u)  =  u  ( u )  <  ®  for  each  u  if  the  conditions  (13.6)  and  (13.10)  are 
replaced  by  (13.35)  and  (13.36)  (or  by  (13.35)  and  (13.37)). 

PROOF  By  (i)  of  the  previous  lemma  the  condition  (13.36)  (or  its 
sufficient  condition  (13.371 )  implies  (13.8)  and  hence  both  (13.6)  and 
(13.7).  On  the  other  hand  (ii)  of  the  lemma  shows  that  (13.35)  implies 
(13.11)  which  together  with  (13.7)  implies  (13.10)  by  Lemma  13.3  (iii).° 

The  condition  (13.10)  also  occurs  in  Theorem  13.8  and  may  of  course 
be  replaced  by  (13.35)  there,  since  (13.7)  is  implied  by  (13.9)  which 
is  assumed  in  that  theorem. 

Finally  we  note  that  while  (13.36)  and  (13.37)  are  especially  con¬ 
venient  to  give  (13.8)  (Lemma  13.11  (i)),  the  verification  of  (13.9) 
still  requires  obtaining 

lim  inf  p{M(h)  >u}/(hu(u))  >  1  for  0  <  h  <  hg. 

This  of  course  follows  for  all  normal  processes  considered  by  Theo¬ 
rem  1,;.9,  with  a  =  2.  There  are  a  number  of  independent  simpler  deri¬ 
vations  of  this  when  a  =  2,  one  of  these  being  along  the  lines  of  the 


"cosine-process"  comparison  in  Chapter  7.  The  actual  comparison  used 
there  gave  a  slightly  weaker  result,  which  was,  however,  sufficient  to 
yield  the  desired  limit  theory  by  the  particular  methods  employed. 


Poisson  convergence  of  upcrossings 

It  was  shown  in  Chapter  8  that  the  upcrossings  of  one  or  more  high  level 
by  a  normal  process  -'(t)  take  on  a  specific  Poisson  character  under 
appropriate  conditions.  It  was  assumed  in  particular  that  the  covariance 
function  r(t)  of  £(t)  satisfied  (7.1)  so  that  the  expected  number 
of  upcrossings  per  unit  time,  y  =  E(N  (1)),  is  finite. 

Corresponding  results  are  obtainable  for  e-upcrossings  by  normal 
processes  when  r(t)  satisfies  (12.1)  with  ol  '  2  and  indeed  the  proof 
is  indicated  in  Chapter  12  for  the  single  level  result  (Theorem  12.18). 

For  general  stationary  processes  the  same  results  may  be  proved 
under  conditions  used  in  this  present  chapter,  including  C,  C1. 

Again  when  u  =  E(N  (1))  <  '»  the  results  apply  to  actual  upcrossings 
while  if  m  =  ®  they  apply  to  -.-upcrossings.  We  shall  state  and  brief¬ 
ly  indicate  the  proof  of  the  specific  theorem  for  a  single  level  in 
the  case  when  y  <  ®>. 

As  in  previous  discussions,  we  consider  a  time  period  T  and  a  level 
uT  both  increasing  in  such  a  way  that  Tu  +  t  >  0(u=y(u  )),  and  define 
a  normalized  point  process  of  upcrossings  by 

N*(B)  =  N  (TB)  ,  (N*(t)  =  N  ( tT ) ) 

T  UT 

for  each  interval  (or  more  general  Borel  set)  B,  so  that,  in  particular 

E(N*  (1) )  *  E (N  (t) )  =  yT  -  t. 

UT 

This  shows  that  the  "intensity"  (i.e.  mean  number  of  events  per  unit 
time)  of  the  normalized  upcrossing  point  process  converges  to  t.  Our 
task  is  to  show  that  the  upcrossing  point  process  actually  converges 
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in  distribution  to  a  Poisson  process  with  mean  t. 

The  derivation  of  this  result  is  based  on  the  following  two  exten¬ 
sions  of  Theorem  13.8  which  are  proved  by  similar  arguments  to  those 
used  in  obtaining  Theorem  13.8  and  in  Chapter  8. 

THEOREM  13.13  Under  the  conditions  of  Theorem  13.8,  if  0  <  0  <  1  and 
uT  -►  t  ,  then 

(13.38)  P{M (9T)  <uT>  e-6T  as  T  -  «. 

THEOREM  13.14  If  1^,  I^,  ...,  are  disjoint  subintervals  of  [0,1] 
and  I?  =  Tlj  =  {t;  t/T  then  under  the  conditions  of  Theorem  13.8 

if  uT  --  x  , 

(13.39)  P (  n  (M(I*)  <U_})  -  n  P{M ( I ^ )  <u  }  -  0, 

M  =  1  3  -  w  j  =  1  1-1 

so  that  by  Theorem  13.13 

r 

r  "T.r  9j 

(13.40)  p(  n  fM  (X*)  <  uj)  -  e  3  =  1  , 

Vj=l  1  '  1  / 

where  6^  is  the  length  of  ly  1  <  j  <  r. 

It  is  now  a  relatively  straightforward  matter  to  show  that  the  point 
processes  N*  converge  (in  the  full  sense  of  weak  convergence)  to  a 
Poisson  process  N  with  intensity  r. 

THEOREM  13,15  Under  the  conditions  of  Theorem  13.8  if  Tu  •*  •  where 
u  =  u (uT> ,  then  the  family  N*  of  normalized  point  processes  of  up- 
crossings  of  uT  on  the  unit  interval  converges  in  distribution  to  a 
Poisson  process  N  with  intensity  t  on  that  interval  as  T  *  ®. 

PROOF  Again  by  Theorem  A.l  it  is  sufficient  to  prove  that 

(i)  E (N* { (a , b] } )  -E(N{(a,b]})  =  t (b-a)  as  T-«  for  all  a,b, 

0  <  a  <  b  <  1 . 
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(ii)  P  { N  *  <  B )  =0;  -  P  { N  (B )  =0;  as  T  -  ®  for  all  sets  B  of  the 

r 

form  U  B.  where  r  is  any  integer  and  B.  are  disjoint  in- 


1 

tervals  (a^,bj]  c  (0,1]. 
Now  (i)  follows  trivially  since 


E(N*{(a,b]}(  =  uT(b-a)  *  t (b-a) . 


To  obtain  (ii)  we  note  that 


0  <  P{N*(B)  =0}  -  P{M(TB)  <uT} 


=  P{Nu(TB)  =  0,  M (TB )  >  uT) 


j-1 


Pf?(Ta,)  >uT> 


since  if  the  maximum  in  TB  =  U  (Ta  .  ,  Tb  .  ]  exceeds  u  ,  but  there  are 

j  =  l  3  3 

no  upcrossings  of  uT  in  these  intervals,  then  5<t)  must  exceed  u? 
the  initial  point  of  at  least  one  such  interval.  But  the  last  expression 
is  just  rP{£(0)  >u_]  -*0  as  T  ■*  Hence 


P{N*(B)  =0}  -  P  {M  (TB)  ^uT)  -  0. 

r  -rl(b.-a.) 

But  P  { M  ( TB )  <  u  '  =  P{  n  (M  (TB  . )  <u  i  -  e  3  J  by  Theorem  13.14 

j=l  3  '  f  -t  £  (b .-a  . ) 

so  that  (ii)  follows  since  P{N(B)  =0}  =  e  3  3  .  □ 


COROLLARY  13.16  If  B..  are  disjoint  (Borel)  subsets  of  the  unit  inter- 

.J 

val  and  if  the  boundary  of  each  B^  has  zero  Lebesgue  measure  then 

r, 

r  -Tm (B  ■ )  [ Tm (B  . )  ] 

P  { N  *  ( B  , )  =  r  ,  l<j<n)  ■*  n  e  3  - —L - 

T  3  3  3=1  3* 


PROOF  This  is  an  immediate  consequence  of  the  full  distributional 
convergence  proved  (cf.  Appendix).  ° 

The  above  results  concern  convergence  of  the  point  processes  of  up¬ 
crossings  of  uT  in  the  unit  interval  to  a  Poisson  process  in  the  unit 
interval.  A  slight  modification,  requiring  C  and  C'  to  hold  for  all 


at 
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families  u^T  in  place  of  uT  for  all  0  >  0,  enables  a  corresponding 
result  to  be  shown  for  the  upcrossings  on  the  whole  positive  real  line, 
but  we  do  not  pursue  this  here.  Instead  we  show  how  Theorem  13.15  yields 
the  asymptotic  distribution  of  the  r-th  largest  local  maximum  in  (0,T). 

Suppose,  then,  that  ''(t)  has  a  continuous  derivative  a.s.  and  (cf. 
Chapters  6  and  9)  define  N^(T)  to  be  the  number  of  local  maxima  in 
the  interval  (0,T)  for  which  the  process  value  exceeds  u,  i.e.  the 
number  of  downcrossing  points  t  of  zero  by  £ '  in  (0,T)  such  that 
C(t)  >  u.  Clearly  N^(T)  >  Nu(T)  -  1  since  at  least  one  local  maximum 
occurs  between  two  upcrossings.  It  is  also  reasonable  to  expect  that 
if  the  sample  function  behaviour  is  not  too  irregular,  there  will 
tend  to  be  just  one  local  maximum  above  u  between  most  successive  up¬ 
crossings  of  u  when  u  is  large,  so  that  JT  (T)  and  N  (T)  will 
tend  to  be  approximately  equal.  The  following  result  makes  this  precise. 

THEOREM  13.17  With  the  above  notation  let  {uT)  be  constants  such 
that  P{  £  (0)  >  uT>  ♦  0,  and  that  Ty(=  Tu  ( uT )  )  -»  t  >  0  as  T  -*•  ». 

Suppose  that  E(N^(1)1  is  finite  for  each  u  and  that  E(lTll))  ~  ulu) 

as  u  -*■  °°.  Then,  writing  u?  =  u,  E  ( |  (T)  -  N  (T)  ! )  -*•  0.  If  also  the 

conditions  of  Theorem  13.15  hold  (so  that  P{Nu(T)  =  r}  e_TTr/r!)  it 
follows  that  P{N^(T)  =  r}  -*•  e  Txr/r!. 

PROOF  As  noted  above,  N^(T)  >  Nu<T)  -  1,  and  it  is  clear,  moreover, 
that  if  N^(T)  =  N  (T)  -  1,  then  r  (T)  u.  Hence 

E( |N^(T)  -  Nu(T)  J )  =  E(N^(T>  -  Nu (T) )  +  2P{fT  (T)  =  Ny  (T)  -  1 } 

<  TE(rT  (1)  )  -  uT  +  2PU(T)  >  u)  , 

which  tends  to  zero  as  T  -  =°  since  P{?;(T)  >  u^  }  =  P(£,(0)  >uTt  -  0 

and  TE  (N '  (1))  -  uT  =  uTl(l+o(l))-l]  0,  so  that  the  first  part  of 

T 

the  theorem  follows.  The  second  part  now  follows  immediately  since  the 
integer-valued  r.v.  tT(T)  -  N  (T)  tends  to  zero  in  probability,  giv¬ 
ing  P(N^(T)  *  Nu (T) >  -  0  and  hence  P{N^(T)  =r)  -  P { (T)  = r  }  ♦  0 
for  each  r.  □ 


Now  write  M 


*r*(T>  for  the  r-th  largest  local  maximum  in  the  inter¬ 
val  (0,T).  Since  the  events  M^r*(T)  '  u  •  ,  -N^(T)  <■  r ;  are  identical 
we  obtain  the  following  corollary. 


COROLLARY  13.13  Under  the  conditions  of  the  theorem 

r-1 


P{M(r)  (T)  <  uT;  h.  e  T 


ts/s: 


S=1 


□ 


As  a  further  corollary  we  obtain  the  limiting  distribution  of 
M^(T)  in  terms  of  that  for  M(T)  . 


COROLLARY  13.19  Suppose  that  P{aT(M(T)  -  bT)  <x}  -  G(x)  and  that  the 
conditions  of  Theorem  13.8  hold  with  uT  =  x/aT  +  bT  for  each  real  x 
(and  ip  =  u).  Suppose  also  that  E(N^(1))  ~  E(Nu  (1)  I  as  u  -*•  Then 

(r)  r_1  s 

(13.41)  P{aT(M'r'  (T)  -b  )  < x}  -G(x)  z  [ -  log  G  (x,  ]  /s ! 

*  s=0 

where  G(x)  >  0  (and  zero  if  G(x)  =  0). 


PROOF  This  follows  from  Corollary  13.18  by  writing  G(x)  =  e  1  since 
Theorem  13.8  implies  that  Tp  *  t  .  □ 


Note  that,  by  Lemma  9.4(i),  for  a  stationary  normal  process  with 
finite  second  and  fourth  spectral  moments  E(N^(1))  ~  u  so  that 
Theorem  13.17  and  its  corollaries  apply. 

The  relation  (13.41)  gives  the  asymptotic  distribution  of  the  r-th 
largest  local  maximum  M^(T)  as  a  corollary  of  Theorem  13.17.  Further 
it  is  clearly  possible  to  generalize  Theorem  13.17  to  give  "full  Poisson 
convergence"  for  the  point  process  of  local  maxima  of  height  above  u 
and  indeed  to  generalize  Theorem  9.5  and  obtain  joint  distributions  of 
heights  and  positions  of  local  maxima  in  this  general  situation. 
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Interpretation  of  the  function  ,(ui 


The  function  i(u)  used  throughout  this  chapter  describes  the  tail  of 
the  distribution  of  the  maximum  M ( h )  in  a  fixed  interval  h,  in  the 
sense  of  (13.9),  viz., 

P-'M(h)  >  u  ■  ~  h  j  \u)  for  0  f  h  '  h^. 


We  have  seen  how  .  may  be  calculated  for  particular  cases  —  as 


j,(u)  =  ^(u)  for  processes  with  a  finite  upcrossing  intensity  u(u) 
and  as  j  (u)  =  Kf (u) u ^  f0r  normal  processes  satisfying  (12.1). 
Berman  (1979)  has  recently  considered  another  general  method  for  ob¬ 
taining  v  (or  at  least  many  of  its  properties)  based  on  the  asymptot¬ 
ic  distribution  of  the  amount  of  time  spent  above  a  high  level. 

Specifically  Berman  considers  the  time  Lt(u)  which  a  stationary 
process  spends  above  the  level  u  in  the  interval  (0,t)  and  proves 
the  basic  result 

P{vLt(u)  >  x } 


^  E(vL  <u)’ 


-  -r’ (x) , 


at  all  continuity  points  x  >  0  of  T‘  (under  given  conditions). 

Here  v  =  v(u)  is  a  certain  function  of  u  and  T(x)  is  an  abso¬ 
lutely  continuous  non-increasing  function  with  Radon-Nikodym  derivative 
T ’ ,  and  t  is  fixed . 

While  this  resuLt  does  not  initially  apply  at  x  =  0,  it  is  extended 
to  so  apply  giving,  since  the  events  (M(t)  >  u},  (L^(u)  >  0}  are  equiva¬ 
lent, 


P(M(t)  >  u} - f  (0)  E(vLt(u)  ) 

=  -r’  (0)  vt ( 1  -  F (u) )  , 


where  F  is  the  marginal  d.f.  of  the  process,  since  it  is  very  easily 
shown  that  E(Lfc(u))  =  t(l-F(u)).  Hence  we  may  -  under  the  stated  condi¬ 
tion  -  obtain  as 
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V  (U)  =  -r1  (0)  v(u)  (1  -F(u))  . 

It  is  required  in  this  approach  that  F  have  such  a  form  that  it 
belongs  to  the  domain  of  attraction  of  the  Type  I  extreme  value  distri¬ 
bution  and  it  follows  (though  not  immediately)  that  M(h)  has  a  Type  I 
limit  so  that  (e.g.  from  the  theory  of  this  chapter)  a  limiting  distri¬ 
bution  for  M(T)  as  T  -»  °°  must  (under  appropriate  condition)  also  be 
of  Type  I.  However  a  number  of  important  cases  are  covered  in  this  ap¬ 
proach  including  stationary  normal  processes,  certain  Markov  Processes, 
2 

and  so-called  x  -processes.  Further  the  approach  gives  considerable  in¬ 
sight  into  the  central  ideas  governing  extremal  properties. 
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